
C H A P T E R 6

Integration

The origin of integral calculus can be traced back to the ancient Greeks.
They were motivated by the need to measure the length of a curve, the area
of a surface, or the volume of a solid. Archimedes used techniques very
similar to actual integration to determine the length of a segment of a curve.

Ž .Democritus 410 B.C. had the insight to consider that a cone was made up of
infinitely many plane cross sections parallel to the base.

The theory of integration received very little stimulus after Archimedes’s
remarkable achievements. It was not until the beginning of the seventeenth
century that the interest in Archimedes’s ideas began to develop. Johann

Ž .Kepler 1571�1630 was the first among European mathematicians to de-
velop the ideas of infinitesimals in connection with integration. The use of
the term ‘‘integral’’ is due to the Swiss mathematician Johann Bernoulli
Ž .1667�1748 .

In the present chapter we shall study integration of real-valued functions
of a single variable x according to the concepts put forth by the German

Ž .mathematician Georg Friedrich Riemann 1826�1866 . He was the first to
establish a rigorous analytical foundation for integration, based on the older
geometric approach.

6.1. SOME BASIC DEFINITIONS

Ž . w xLet f x be a function defined and bounded on a finite interval a, b .
Suppose that this interval is partitioned into a finite number of subintervals

� 4by a set of points Ps x , x , . . . , x such that asx �x �x � ��� �x sb.0 1 n 0 1 2 n
w x Ž .This set is called a partition of a, b . Let � x sx yx is1, 2, . . . , n , andi i iy1

� be the largest of � x , � x , . . . , � x . This value is called the norm of P.p 1 2 n
Consider the sum

n

S P , f s f t � x ,Ž . Ž .Ý i i
is1

w xwhere t is a point in the subinterval x , x , is1, 2, . . . , n.i iy1 i
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Ž . w xThe function f x is said to be Riemann integrable on a, b if a number
A exists with the following property: For any given ��0 there exists a
number ��0 such that

AyS P , f ��Ž .

w xfor any partition P of a, b with a norm � �� , and for any choice of thep
w xpoint t in x , x , is1, 2, . . . , n. The number A is called the Riemanni iy1 i
Ž . w x b Ž .integral of f x on a, b and is denoted by H f x dx. The integration symbola

H was first used by the German mathematician Gottfried Wilhelm Leibniz
Ž . Ž1646�1716 to represent a sum it was derived from the first letter of the

.Latin word summa, which means a sum .

6.2. THE EXISTENCE OF THE RIEMANN INTEGRAL

In order to investigate the existence of the Riemann integral, we shall need
the following theorem:

Ž .Theorem 6.2.1. Let f x be a bounded function on a finite interval,
w x � 4 w xa, b . For every partition Ps x , x , . . . , x of a, b , let m and M be,0 1 n i i

Ž . w xrespectively, the infimum and supremum of f x on x , x , is1, 2, . . . , n.iy1 i
If, for a given ��0, there exists a ��0 such that

US f yLS f �� 6.1Ž . Ž . Ž .P P

whenever � �� , where � is the norm of P, andp p

n

LS f s m � x ,Ž . ÝP i i
is1

n

US f s M � x ,Ž . ÝP i i
is1

Ž . w x Ž .then f x is Riemann integrable on a, b . Conversely, if f x is Riemann
Ž .integrable, then inequality 6.1 holds for any partition P such that � �� .p

w Ž . Ž .The sums, LS f and US f , are called the lower sum and upper sum,P P
Ž . xrespectively, of f x with respect to the partition P.

In order to prove Theorem 6.2.1 we need the following lemmas:

w xLemma 6.2.1. Let P and P� be two partitions of a, b such that P�>P
ŽP� is called a refinement of P and is constructed by adding partition points

.between those that belong to P . Then

US f FUS f ,Ž . Ž .P � P

LS f GLS f .Ž . Ž .P � P
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� 4Proof. Let Ps x , x , . . . , x . By the nature of the partition P�, the ith0 1 n
subinterval � x sx yx is divided into k parts �Ž1., �Ž2., . . . , �Žk i., wherei i iy1 i x x xi i i

k G1, is1, 2, . . . , n. If mŽ j. and M Ž j. denote, respectively, the infimum andi i i
Ž . Ž j. Ž j. Ž j.supremum of f x on � , then m Fm FM FM for js1, 2, . . . , k ;x i i i i ii

Ž .is1, 2, . . . , n, where m and M are the infimum and supremum of f x oni i
w xx , x , respectively. It follows thatiy1 i

kn n i
Ž j. Ž j.LS f s m � x F m � sLS fŽ . Ž .Ý Ý ÝP i i i x P �i

is1 is1 js1

kn ni
Ž j. Ž j.US f s M � F M � x sUS f . �Ž . Ž .Ý Ý ÝP � i x i i Pi

is1 js1 is1

w xLemma 6.2.2. Let P and P� be any two partitions of a, b . Then
Ž . Ž .LS f FUS f .P P �

Proof. Let P nsPjP�. The partition P� is a refinement of both P and
P�. Then, by Lemma 6.2.1,

LS f FLS f FUS f FUS f . �Ž . Ž . Ž . Ž .P P � P � P �

Proof of Theorem 6.2.1

Ž .Let ��0 be given. Suppose that inequality 6.1 holds for any partition P
Ž . n Ž .whose norm � is less than � . Let S P, f sÝ f t � x , where t is ap is1 i i i

w x Ž . Ž .point in x , x , is1, 2, . . . , n. By the definition of LS f and US f weiy1 i P P
can write

LS f FS P , f FUS f . 6.2Ž . Ž . Ž . Ž .P P

Ž . w xLet m and M be the infimum and supremum, respectively, of f x on a, b ;
then

m bya FLS f FUS f FM bya . 6.3Ž . Ž . Ž . Ž . Ž .P P

Ž .Let us consider two sets of lower and upper sums of f x with respect to
partitions P, P�, P�, . . . such that P;P�;P� ; ��� . Then, by Lemma 6.2.1,
the set of upper sums is decreasing, and the set of lower sums is increasing.

Ž .Furthermore, because of 6.3 , the set of upper sums is bounded from below
Ž . Ž .by m bya , and the set of lower sums is bounded from above by M bya .

Ž . Ž .Hence, the infimum of US f and the supremum of LS f with respect toP P
Ž .P do exist see Theorem 1.5.1 .

From Lemma 6.2.2 it is easy to deduce that

sup LS f F inf US f .Ž . Ž .P P
PP
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Now, suppose that for the given ��0 there exists a ��0 such that

US f yLS f �� 6.4Ž . Ž . Ž .P P

for any partition whose norm � is less than � . We have thatp

LS f F sup LS f F inf US f FUS f . 6.5Ž . Ž . Ž . Ž . Ž .P P P P
PP

Hence,

inf US f y sup LS f �� .Ž . Ž .P P
P P

Ž .Since ��0 is arbitrary, we conclude that if 6.1 is satisfied, then

inf US f s sup LS f . 6.6Ž . Ž . Ž .P P
P P

Ž . Ž . Ž .Furthermore, from 6.2 , 6.4 , and 6.5 we obtain

S P , f yA �� ,Ž .

Ž . Ž .where A is the common value of inf US f and sup LS f . This provesP P P P
Ž . w xthat A is the Riemann integral of f x on a, b .

Ž .Let us now show that the converse of the theorem is true, that is, if f x is
w x Ž .Riemann integrable on a, b , then inequality 6.1 holds.

Ž .If f x is Riemann integrable, then for a given ��0 there exists a ��0
such that

n �
f t � x yA � 6.7Ž . Ž .Ý i i 3is1

and
n �

�f t � x yA � 6.8Ž . Ž .Ý i i 3is1

� 4 w xfor any partition Ps x , x , . . . , x of a, b with a norm � �� , and any0 1 n p
� w x b Ž . Ž .choices of t , t in x , x , is1, 2, . . . , n, where AsH f x dx. From 6.7i i iy1 i a

Ž .and 6.8 we then obtain

n 2�
�f t y f t � x � .Ž . Ž .Ý i i i 3is1

Ž . Ž . w xNow, M ym is the supremum of f x y f x� for x, x� in x , x , isi i iy1 i
� w x1, 2, . . . , n. It follows that for a given ��0 we can choose t , t in x , x soi i iy1 i

that

f t y f t� �M ym y� , is1, 2, . . . , n ,Ž . Ž .i i i i
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Ž . Ž .for otherwise M ym y� would be an upper bound for f x y f x� for alli i
w x w Ž .xx, x� in x , x , which is a contradiction. In particular, if �s�r 3 bya ,iy1 i

� w xthen we can find t , t in x , x such thati i iy1 i

n

US f yLS f s M ym � xŽ . Ž . Ž .ÝP P i i i
is1

n
�� f t y f t � x q� byaŽ . Ž . Ž .Ý i i i

is1

�� .

Ž .This proves the validity of inequality 6.1 . �

Ž . w x Ž .Corollary 6.2.1. Let f x be a bounded function on a, b . Then f x is
w x Ž . Ž .Riemann integrable on a, b if and only if inf US f ssup LS f , whereP P p P

Ž . Ž . Ž .LS f and US f are, respectively, the lower and upper sums of f x withP P
w xrespect to a partition P of a, b .

Proof. See Exercise 6.1. �

Ž . w x Ž . 2EXAMPLE 6.2.1. Let f x : 0, 1 ™R be the function f x sx . Then,
Ž . w x � 4f x is Riemann integrable on 0, 1 . To show this, let Ps x , x , . . . , x be0 1 n

w xany partition of 0, 1 , where x s0, x s1. Then0 n

n
2LS f s x � x ,Ž . ÝP iy1 i

is1

n
2US f s x � x .Ž . ÝP i i

is1

Hence,

n
2 2US f yLS f s x yx � xŽ . Ž . Ž .ÝP P i iy1 i

is1

n
2 2F� x yx ,Ž .Ýp i iy1

is1

where � is the norm of P. Butp

n
2 2 2 2x yx sx yx s1.Ž .Ý i iy1 n 0

is1

Thus

US f yLS f F� .Ž . Ž .P P p
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It follows that for a given ��0 we can choose �s� such that for any
partition P whose norm � is less than � ,p

US f yLS f �� .Ž . Ž .P P

Ž . 2 w xBy Theorem 6.2.1, f x sx is Riemann integrable on 0, 1 .

Ž . w x Ž .EXAMPLE 6.2.2. Consider the function f x : 0, 1 ™R such that f x s0
Ž .if x a rational number and f x s1 if x is irrational. Since every subinterval

w xof 0, 1 contains both rational and irrational numbers, then for any partition
� 4 w xPs x , x , . . . , x of 0, 1 we have0 1 n

n n

US f s M � x s � x s1,Ž . Ý ÝP i i i
is1 is1

n n

LS f s m � x s 0 � x s0.Ž . Ý ÝP i i i
is1 is1

It follows that

inf US f s1 and sup LS f s0.Ž . Ž .P P
P P

Ž . w xBy Corollary 6.2.1, f x is not Riemann integrable on 0, 1 .

6.3. SOME CLASSES OF FUNCTIONS THAT ARE
RIEMANN INTEGRABLE

There are certain classes of functions that are Riemann integrable. Identify-
ing a given function as a member of such a class can facilitate the determina-
tion of its Riemann integrability. Some of these classes of functions include:
Ž . Ž . Ž .i continuous functions; ii monotone functions; iii functions of bounded
variation.

Ž . w xTheorem 6.3.1. If f x is continuous on a, b , then it is Riemann
integrable there.

Ž .Proof. Since f x is continuous on a closed and bounded interval, then by
w xTheorem 3.4.6 it must be uniformly continuous on a, b . Consequently, for a

given ��0 there exists a ��0 that depends only on � such that for any
w xx , x in a, b we have1 2

�
f x y f x �Ž . Ž .1 2 bya
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� � � 4if x yx �� . Let Ps x , x , . . . , x be a partition of P with a norm1 2 0 1 n
� �� . Thenp

n

US f yLS f s M ym � x ,Ž . Ž . Ž .ÝP P i i i
is1

Ž .where m and M are, respectively, the infimum and supremum of f x oni i
w x w xx , x , is1, 2, . . . , n. By Corollary 3.4.1 there exist points 	 , � in x , xiy1 i i i iy1 i

Ž . Ž . � �such that m s f 	 , M s f � , is1, 2, . . . , n. Since � y	 F� �� fori i i i i i p
is1, 2, . . . , n, then

n

US f yLS f s f � y f 	 � xŽ . Ž . Ž . Ž .ÝP P i i i
is1

n�
� � x s� .Ý ibya is1

Ž . w xBy Theorem 6.2.1 we conclude that f x is Riemann integrable on a, b .
�

It should be noted that continuity is a sufficient condition for Riemann
Ž .integrability, but is not a necessary one. A function f x can have discontinu-

w x w xities in a, b and still remains Riemann integrable on a, b . For example,
consider the function

y1, y1Fx�0,f x sŽ . ½ 1, 0FxF1.

This function is discontinuous at xs0. However, it is Riemann integrable on
w x � 4y1, 1 . To show this, let ��0 be given, and let Ps x , x , . . . , x be a0 1 n

w xpartition of y1, 1 such that � ��r2. By the nature of this function,p
Ž . Ž . Ž . w xf x y f x G0, and the infimum and supremum of f x on x , x arei iy1 iy1 i

Ž . Ž .equal to f x and f x , respectively, is1, 2, . . . , n. Hence,iy1 i

n

US f yLS f s M ym � xŽ . Ž . Ž .ÝP P i i i
is1

n

s f x y f x � xŽ . Ž .Ý i iy1 i
is1

n

�� f x y f x s� f 1 y f y1Ž . Ž . Ž . Ž .Ýp i iy1 p
is1

�
� f 1 y f y1 s� .Ž . Ž .

2
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Ž . w xThe function f x is therefore Riemann integrable on y1, 1 by Theorem
6.2.1.

On the basis of this example it is now easy to prove the following theorem:

Ž . Ž .Theorem 6.3.2. If f x is monotone increasing or monotone decreasing
w xon a, b , then it is Riemann integrable there.

Theorem 6.3.2 can be used to construct a function that has a countable
w x Žnumber of discontinuities in a, b and is also Riemann integrable see

.Exercise 6.2 .

6.3.1. Functions of Bounded Variation

Ž . w xLet f x be defined on a, b . This function is said to be of bounded variation
w xon a, b if there exists a number M�0 such that for any partition Ps

� 4 w xx , x , . . . , x of a, b we have0 1 n

n

� �� f FM ,Ý i
is1

Ž . Ž .where � f s f x y f x , is1, 2, . . . , n.i i iy1
Ž . w xAny function that is monotone increasing or decreasing on a, b is also
Ž .of bounded variation there. To show this, let f x be monotone increasing on

w xa, b . Then

n n

� �� f s f x y f x s f b y f a .Ž . Ž . Ž . Ž .Ý Ýi i iy1
is1 is1

Ž . Ž .Hence, if M is any number greater than or equal to f b y f a , then
n � � w xÝ � f FM for any partition P of a, b .is1 i
Another example of a function of bounded variation is given in the next

theorem.

Ž . w x Ž .Theorem 6.3.3. If f x is continuous on a, b and its derivative f � x
Ž . Ž . w xexists and is bounded on a, b , then f x is of bounded variation on a, b .

� 4 w xProof. Let Ps x , x , . . . , x be a partition of a, b . By applying the0 1 n
Ž . w xmean value theorem Theorem 4.2.2 on each x , x , is1, 2, . . . , n, weiy1 i

obtain
n n

� �� f s f � 	 � xŽ .Ý Ýi i i
is1 is1

n

FK x yx sK bya ,Ž . Ž .Ý i iy1
is1
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� Ž . �where x �	 �x , is1, 2, . . . , n, and K�0 is such that f � x FK oniy1 i i
Ž .a, b . �

w xIt should be noted that any function of bounded variation on a, b is also
� 4bounded there. This is true because if a�x�b, then Ps a, x, b is a

w xpartition of a, b . Hence,

f x y f a q f b y f x FM .Ž . Ž . Ž . Ž .

� Ž . � w xfor some positive number M. This implies that f x is bounded on a, b
since

1f x F f x y f a q f x y f b q f a q f bŽ . Ž . Ž . Ž . Ž . Ž . Ž .2

1F Mq f a q f b .Ž . Ž .2

Ž .The converse of this result, however, is not necessarily true, that is, if f x is
bounded, then it may not be of bounded variation. For example, the function


°
x cos , 0�xF1,~ ž /f x sŽ . 2 x¢
0, xs0

w xis bounded on 0, 1 , but is not of bounded variation there. It can be shown
that for the partition

1 1 1 1
Ps 0, , , . . . , , , 1 ,½ 52n 2ny1 3 2

2 n � �Ý � f ™� as n™� and hence cannot be bounded by a constant M foris1 i
Ž .all n see Exercise 6.4 .

Ž . w xTheorem 6.3.4. If f x is of bounded variation on a, b , then it is
Riemann integrable there.

� 4Proof. Let ��0 be given, and let Ps x , x , . . . , x be a partition of0 1 n
w xa, b . Then

n

US f yLS f s M ym � x , 6.9Ž . Ž . Ž . Ž .ÝP P i i i
is1

Ž . w xwhere m and M are the infimum and supremum of f x on x , x ,i i iy1 i
respectively, is1, 2, . . . , n. By the properties of m and M , there exist 	i i i
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w xand � in x , x such that for is1, 2, . . . , n,i iy1 i

m F f 	 �m q� �,Ž .i i i

M y� �� f � FM ,Ž .i i i

where � � is a small positive number to be determined later. It follows that

M ym y2� �� f � y f 	 FM ym , is1, 2, . . . , n.Ž . Ž .i i i i i i

Hence,

M ym �2� �q f � y f 	Ž . Ž .i i i i

F2� �q f 	 y f � , is1, 2, . . . , n.Ž . Ž .i i

Ž .From formula 6.9 we obtain

n n

US f yLS f �2� � � x q f 	 y f � � x . 6.10Ž . Ž . Ž . Ž . Ž .Ý ÝP P i i i i
is1 is1

Now, if � is the norm of P, thenp

n n

f 	 y f � � x F� f 	 y f �Ž . Ž . Ž . Ž .Ý Ýi i i p i i
is1 is1

m

F� f z y f z , 6.11Ž . Ž . Ž .Ýp i iy1
is1

� 4 w xwhere z , z , . . . , z is a partition Q of a, b , which consists of the points0 1 m
x , x , . . . , x as well as the points 	 , � , 	 , � , . . . , 	 , � , that is, Q is a0 1 n 1 1 2 2 n n

Ž .refinement of P obtained by adding the 	 ’s and � ’s is1, 2, . . . , n . Sincei i
Ž . w xf x is of bounded variation on a, b , there exists a number M�0 such that

m

f z y f z FM . 6.12Ž . Ž . Ž .Ý i iy1
is1

Ž . Ž . Ž .From 6.10 , 6.11 , and 6.12 it follows that

US f yLS f �2� � bya qM� . 6.13Ž . Ž . Ž . Ž .P P p

Let us now select the partition P such that � �� , where M���r2. If wep
Ž . Ž .also choose � � such that 2� � bya ��r2, then from 6.13 we obtain

Ž . Ž . Ž .US f yLS f �� . The function f x is therefore Riemann integrable onP P
w xa, b by Theorem 6.2.1. �
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6.4. PROPERTIES OF THE RIEMANN INTEGRAL

The Riemann integral has several properties that are useful at both the
theoretical and practical levels. Most of these properties are fairly simple and
striaghtforward. We shall therefore not prove every one of them in this
section.

Ž . Ž . w xTheorem 6.4.1. If f x and g x are Riemann integrable on a, b and if
Ž . Ž .c and c are constants, then c f x qc g x is Riemann integrable on1 2 1 2

w xa, b , and

b b b
c f x qc g x dxsc f x dxqc g x dx.Ž . Ž . Ž . Ž .H H H1 2 1 2

a a a

Ž . w x Ž .Theorem 6.4.2. If f x is Riemann integrable on a, b , and mF f x FM
w xfor all x in a, b , then

b
m bya F f x dxFM bya .Ž . Ž . Ž .H

a

Ž . Ž . w xTheorem 6.4.3. If f x and g x are Riemann integrable on a, b , and if
Ž . Ž . w xf x Fg x for all x in a, b , then

b b
f x dxF g x dx.Ž . Ž .H H

a a

Ž . w xTheorem 6.4.4. If f x is Riemann integrable on a, b and if a�c�b,
then

cb b
f x dxs f x dxq f x dx.Ž . Ž . Ž .H H H

a a c

Ž . w x � Ž . �Theorem 6.4.5. If f x is Riemann integrable on a, b , then so is f x
and

b b
f x dx F f x dx.Ž . Ž .H H

a a

� 4 w xProof. Let Ps x , x , . . . , x be a partition of a, b . Let m and M be0 1 n i i
Ž . w x � �the infimum and supremum of f x , respectively, on x , x ; and let m , Miy1 i i i

� Ž . �be the same for f x . We claim that

M ym GM �ym� , is1, 2, . . . , n.i i i i

� � Ž .It is obvious that M ym sM ym if f x is either nonnegative or nonposi-i i i i
w x Ž .tive for all x in x , x , is1, 2, . . . , n. Let us therefore suppose that f x isiy1 i
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negative on Dy and nonnegative on Dq , where Dy and Dq are such thati i i i
y q w xD jD sD s x , x for is1, 2, . . . , n. We than havei i i iy1 i

M ym s sup f x y inf f xŽ . Ž .i i yq DiDi

s sup f x y inf y f xŽ . Ž .Ž .
yq DiDi

s sup f x q sup f xŽ . Ž .
q yD Di i

�G sup f x sM ,Ž . i
Di

� Ž . � � � Ž . � � Ž . � 4 �
q ysince sup f x smax sup f x , sup f x . Hence, M ym GM GD D D i i ii i i

M �ym� for is1, 2, . . . , n, which proves our claim.i i

n n
� �� � � �US f yLS f s M ym � x F M ym � x .Ž . Ž .Ž . Ž . Ý ÝP P i i i i i i

is1 is1

Hence,

� � � �US f yLS f FUS f yLS f . 6.14Ž . Ž . Ž .Ž . Ž .P P P P

Ž . Ž .Since f x is Riemann integrable, the right-hand side of inequality 6.14 can
be made smaller than any given ��0 by a proper choice of the norm � ofp

� Ž . � w xP. It follows that f x is Riemann integrable on a, b by Theorem 6.2.1.
Ž . � Ž . � w x b Ž .Furthermore, since �f x F f x for all x in a, b , then H � f x dxFa

b � Ž . �H f x by Theorem 6.4.3, that is,a

b b
� f x dxF f x dx.Ž . Ž .H H

a a

� b Ž . � b � Ž . �Thus, H f x dx FH f x dx. �a a

Ž . w x 2Ž .Corollary 6.4.1. If f x is Riemann integrable on a, b , then so is f x .

Proof. Using the same notation as in the proof of Theorem 6.4.5, we have
� 2 � 2 2Ž .that m and M are, respectively, the infimum and supremum of f x oni i

w xx , x for is1, 2, . . . , n. Now,iy1 i

M � 2ym� 2s M �ym� M �qm�Ž . Ž .i i i i i i

F2 M� M �ym�Ž .i i

F2 M� M ym , is1, 2, . . . , n , 6.15Ž . Ž .i i
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� Ž . � w xwhere M� is the supremum of f x on a, b . The Riemann integrability of
2Ž . Ž . Ž .f x now follows from inequality 6.15 by the Riemann integrability of f x .

�

Ž . Ž . w xCorollary 6.4.2. If f x and g x are Riemann integrable on a, b , then
Ž . Ž .so is their product f x g x .

Proof. This follows directly from the identity

2 24 f x g x s f x qg x y f x yg x , 6.16Ž . Ž . Ž . Ž . Ž . Ž . Ž .

Ž . Ž . Ž . Ž .and the fact that the squares of f x qg x and f x yg x are Riemann
w xintegrable on a, b by Theorem 6.4.1 and Corollary 6.4.1. �

Ž . Ž .Theorem 6.4.6 The Mean Value Theorem for Integrals . If f x is
w x w xcontinuous on a, b , then there exists a point cg a, b such that

b
f x dxs bya f c .Ž . Ž . Ž .H

a

Proof. By Theorem 6.4.2 we have

1 b
mF f x dxFM ,Ž .Hbya a

Ž .where m and M are, respectively, the infimum and supremum of f x on
w x Ž .a, b . Since f x is continuous, then by Corollary 3.4.1 it must attain the

w xvalues m and M at some points inside a, b . Furthermore, by the intermedi-
Ž . Ž .ate-value theorem Theorem 3.4.4 , f x assumes every value between m and

w xM. Hence, there is a point cg a, b such that

1 b
f c s f x dx. �Ž . Ž .Hbya a

Ž . w xDefinition 6.4.1. Let f x be Riemann integrable on a, b . The function

x
F x s f t dt , aFxFb ,Ž . Ž .H

a

Ž .is called an indefinite integral of f x . �

Ž . w x Ž .Theorem 6.4.7. If f x is Riemann integrable on a, b , then F x s
x Ž . w xH f t dt is uniformly continuous on a, b .a
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w xProof. Let x , x be in a, b , x �x . Then,1 2 1 2

x x2 1
F x yF x s f t dty f t dtŽ . Ž . Ž . Ž .H H2 1

a a

x2
s f t dt , by Theorem 6.4.4Ž .H

x1

x2
F f t dt , by Theorem 6.4.5Ž .H

x1

FM� x yx ,Ž .2 1

� Ž . � w xwhere M� is the supremum of f x on a, b . Thus if ��0 is given, then
� Ž . Ž . � � �F x yF x �� provided that x yx ��rM�. This proves uniform2 1 1 2

Ž . w xcontinuity of F x on a, b . �

The next theorem presents a practical way for evaluating the Riemann
w xintegral on a, b .

Ž . w x Ž .Theorem 6.4.8. Suppose that f x is continuous on a, b . Let F x s
x Ž .H f t dt. Then we have the following:a

Ž . Ž .i. dF x rdxs f x , aFxFb.
b Ž . Ž . Ž . Ž . Ž .ii. H f x dxsG b yG a , where G x sF x qc, and c is an arbitrarya

constant.

Proof. We have

x xdF x d 1Ž . xqh
s f t dts lim f t dty f t dtŽ . Ž . Ž .H H Hdx dx hh™0a a a

1 xqh
s lim f t dt , by Theorem 6.4.4Ž .Hhh™0 x

s lim f xq� h ,Ž .
h™0

by Theorem 6.4.6, where 0F�F1. Hence,

dF xŽ .
s lim f xq� h s f xŽ . Ž .

dx h™0

Ž .by the continuity of f x . This result indicates that an indefinite integral of
Ž . Ž .f x is any function whose derivative is equal to f x . It is therefore unique

Ž . Ž .up to a constant. Thus both F x and F x qc, where c is an arbitrary
constant, are considered to be indefinite integrals.
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Ž . w xTo prove the second part of the theorem, let G x be defined on a, b as

x
G x sF x qcs f t dtqc,Ž . Ž . Ž .H

a

Ž . Ž . Ž .that is, G x is an indefinite integral of f x . If xsa, then G a sc, since
Ž . Ž . Ž . b Ž . Ž .F a s0. Also, if xsb, then G b sF b qcsH f t dtqG a . It followsa

that

b
f t dtsG b yG a . �Ž . Ž . Ž .H

a

This result is known as the fundamental theorem of calculus. It is generally
Ž .attributed to Isaac Barrow 1630�1677 , who was the first to realize that

differentiation and integration are inverse operations. One advantage of this
Ž .theorem is that it provides a practical way to evaluate the integral of f x on

w xa, b .

6.4.1. Change of Variables in Riemann Integration

There are situations in which the variable x in a Riemann integral is a
function of some other variable, say u. In this case, it may be of interest to
determine how the integral can be expressed and evaluated under the given
transformation. One advantage of this change of variable is the possibility of
simplifying the actual evaluation of the integral, provided that the transfor-
mation is properly chosen.

Ž . w x Ž .Theorem 6.4.9. Let f x be continuous on 
 , � , and let xsg u be a
Ž . w xfunction whose derivative g � u exists and is continuous on c, d . Suppose

w x w xthat the range of g is contained inside 
 , � . If a, b are points in 
 , �
Ž . Ž .such that asg c and bsg d , then

b d
f x dxs f g u g � u du.Ž . Ž . Ž .H H

a c

Ž . x Ž . Ž . Ž . Ž .Proof. Let F x sH f t dt. By Theorem 6.4.8, F� x s f x . Let G u bea
defined as

u
G u s f g t g � t dt.Ž . Ž . Ž .H

c

Since f , g, and g � are continuous, then by Theorem 6.4.8 we have

dG uŽ .
s f g u g � u . 6.17Ž . Ž . Ž .

du
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Ž .However, according to the chain rule Theorem 4.1.3 ,

dF g u dF g u dg uŽ . Ž . Ž .
s

du dg u duŽ .

s f g u g � u . 6.18Ž . Ž . Ž .

Ž . Ž .From formulas 6.17 and 6.18 we conclude that

G u yF g u s�, 6.19Ž . Ž . Ž .

w x Ž .where � is a constant. If a and b are points in 
 , � such that asg c , bs
Ž . Ž . w Ž .x Ž .g d , then when usc, we have G c s0 and �syF g c syF a s0.

Ž . d w Ž .x Ž . Ž .Furthermore, when usd, G d sH f g t g � t dt. From 6.19 we then ob-c
tain

d
G d s f g t g � t dtsF g d q�Ž . Ž . Ž . Ž .H

c

sF bŽ .
b

s f x dx.Ž .H
a

2Ž 2 .1r2 2For example, consider the integral H 2 t y1 t dt. Let xs2 t y1.1
Then dxs4 t dt, and by Theorem 6.4.9,

12 71r22 1r22 t y1 t dts x dx.Ž .H H41 1

21r2 3r2An indefinite integral of x is given by x . Hence,3

2 1r2 1 2 12 3r2 3r22 t y1 t dts 7 y1 s 7 y1 . �Ž . Ž . Ž .Ž .H 4 3 6
1

6.5. IMPROPER RIEMANN INTEGRALS

In our study of the Riemann integral we have only considered integrals of
w xfunctions that are bounded on a finite interval a, b . We now extend the

scope of Riemann integration to include situations where the integrand can
become unbounded at one or more points inside the range of integration,
which can also be infinite. In such situations, the Riemann integral is called
an improper integral.

Ž .There are two kinds of improper integrals. If f x is Riemann integrable
w x � Ž .on a, b for any b�a, then H f x dx is called an improper integral of thea

Ž .first kind, where the range of integration is infinite. If, however, f x
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becomes infinite at a finite number of points inside the range of integration,
b Ž .then the integral H f x dx is said to be improper of the second kind.a

Ž . z Ž . Ž .Definition 6.5.1. Let F z sH f x dx. Suppose that F z exists for anya
Ž .value of z greater than a. If F z has a finite limit L as z™�, then the

� Ž .improper integral H f x dx is said to converge to L. In this case, La
Ž . w .represents the Riemann integral of f x on a, � and we write

�

Ls f x dx.Ž .H
a

� Ž .On the other hand, if Ls��, then the improper integral H f x dx is saida
a Ž .to diverge. By the same token, we can define the integral H f x dx as they�

a Ž . � Ž .limit, if it exists, of H f x dx as z™�. Also, H f x dx is defined asyz y�

� a z
f x dxs lim f x dxq lim f x dx ,Ž . Ž . Ž .H H H

u™� z™�y� yu a

where a is any finite number, provided that both limits exist.
� Ž .The convergence of H f x dx can be determined by using the Cauchya

criterion in a manner similar to the one used in the study of convergence of
Ž .sequences see Section 5.1.1 .

� Ž .Theorem 6.5.1. The improper integral H f x dx converges if and only ifa
for a given ��0 there exists a z such that0

z2
f x dx �� , 6.20Ž . Ž .H

z1

whenever z and z exceed z .1 2 0

Ž . z Ž .Proof. If F z sH f x dx has a limit L as z™�, then for a given ��0a
there exists z such that for z�z .0 0

�
F z yL � .Ž .

2

Now, if both z and z exceed z , then1 2 0

z2
f x dx s F z yF zŽ . Ž . Ž .H 2 1

z1

F F z yL q F z yL �� .Ž . Ž .2 1

Ž . Ž .Vice versa, if condition 6.20 is satisfied, then we need to show that F z has
� 4�a limit as z™�. Let us therefore define the sequence g , where g isn ns1 n
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given by

aqn
g s f x dx , ns1, 2, . . . .Ž .Hn

a

It follows that for any ��0,

aqn
� �g yg s f x dx �� ,Ž .Hn m

aqm

� 4�if m and n are large enough. This implies that g is a Cauchy sequence;n ns1
hence it converges by Theorem 5.1.6. Let gs lim g . To show thatn™� n

Ž .lim F z sg, let us writez™�

F z yg s F z yg qg ygŽ . Ž . n n

� �F F z yg q g yg . 6.21Ž . Ž .n n

� �Suppose ��0 is given. There exists an integer N such that g yg ��r2 if1 n
n�N . Also, there exists an integer N such that1 2

z �
F z yg s f x dx � 6.22Ž . Ž . Ž .Hn 2aqn

Ž .if z�aqn�N . Thus by choosing z�aqn, where n�max N , N ya ,2 1 2
Ž . Ž .we get from inequalities 6.21 and 6.22

F z yg �� .Ž .

This completes the proof. �

� � Ž . �Definition 6.5.2. If the improper integral H f x dx is convergent, thena
� Ž . � Ž .the integral H f x dx is said to be absolutely convergent. If H f x dx isa a

convergent but not absolutely, then it is said to be conditionally convergent.
�

It is easy to show that an improper integral is convergent if it converges
absolutely.

As with the case of series of positive terms, there are comparison tests that
can be used to test for convergence of improper integrals of the first kind of
nonnegative functions. These tests are described in the following theorems.

Ž .Theorem 6.5.2. Let f x be a nonnegative function that is Riemann
w x Ž .integrable on a, b for every bGa. Suppose that there exists a function g x

Ž . Ž . � Ž . � Ž .such that f x Fg x for xGa. If H g x dx converges, then so does H f x dxa a
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and we have

� �

f x dxF g x dx.Ž . Ž .H H
a a

Proof. See Exercise 6.7. �

Ž . Ž .Theorem 6.5.3. Let f x and g x be nonnegative functions that are
w xRiemann integrable on a, b for every bGa. If

f xŽ .
lim sk ,

g xx™� Ž .

� Ž . � Ž .where k is a positive constant, then H f x dx and H g x dx are either botha a
convergent or both divergent.

Proof. See Exercise 6.8. �

EXAMPLE 6.5.1. Consider the integral H�eyx x 2 dx. We have that e xs1q1
� Ž n . x pÝ x rn! . Hence, for xG1, e �x rp!, where p is any positive integer. Ifns1

p is chosen such that py2G2, then

p! p!
yx 2e x � F .py2 2x x

�Ž 2 . w x�However, H dxrx s y1rx s1. Therefore, by Theorem 6.5.2, the inte-1 1
yx 2 w .gral of e x on 1, � is convergent.

�wŽ . Ž .2 xEXAMPLE 6.5.2. The integral H sin x r xq1 dx is absolutely conver-0
gent, since

� �sin x 1
F2 2xq1 xq1Ž . Ž .

and

�
� dx 1

s y s1.H 2 xq10 xq1Ž . 0

�Ž .EXAMPLE 6.5.3. The integral H sin xrx dx is conditionally convergent.0
�Ž .We first show that H sin xrx dx is convergent. We have that0

� �sin x sin x sin x1
dxs dxq dx. 6.23Ž .H H Hx x x0 0 1
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Ž . w xBy Exercise 6.3, sin x rx is Riemann integrable on 0, 1 , since it is continu-
Žous there except at xs0, which is a discontinuity of the first kind see

. Ž .Definition 3.4.2 . As for the second integral in 6.23 , we have for z �z �1,2 1

z2z zsin x cos x cos x2 2
dxs y y dxH H 2x x xzz z11 1

zcos z cos z cos x21 2
s y y dx.H 2z z xz1 2 1

Thus

z zsin x 1 1 dx 22 2
dx F q q s .H H 2x z z zxz z1 2 11 1

Since 2rz can be made arbitrarily small by choosing z large enough, then1 1
�Ž . �Ž .by Theorem 6.5.1, H sin xrx dx is convergent and so is H sin xrx dx.1 0

�Ž .It remains to show that H sin xrx dx is not absolutely convergent. This0
Ž .follows from the fact that see Exercise 6.10

n
 sin x
lim dxs�.H xn™� 0

Convergence of improper integrals of the first kind can be used to
Ž .determine convergence of series of positive terms see Section 5.2.1 . This is

based on the next theorem.

Ž . �Theorem 6.5.4 Maclaurin’s Integral Test . Let Ý a be a series ofns1 n
Ž .positive terms such that a Fa for nG1. Let f x be a positive nonin-nq1 n

w . Ž .creasing function defined on 1, � such that f n sa , ns1, 2, . . . , andn
Ž . �f x ™0 as x™�. Then, Ý a converges if and only if the improperns1 n

� Ž .integral H f x dx converges.1

Proof. If nG1 and nFxFnq1, then

a s f n G f x G f nq1 sa .Ž . Ž . Ž .n nq1

By Theorem 6.4.2 we have for nG1

nq1
a G f x dxGa . 6.24Ž . Ž .Hn nq1

n

n Ž .If s sÝ a is the nth partial sum of the series, then from inequality 6.24n ks1 k
we obtain

nq1
s G f x dxGs ya . 6.25Ž . Ž .Hn nq1 1

1
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If the series Ý� a converges to the sum s, then sGs for all n. Conse-ns1 n n
Ž . nq1 Ž .quently, the sequence whose nth term is F nq1 sH f x dx is monotone1

increasing and is bounded by s; hence it must have a limit. Therefore, the
� Ž .integral H f x dx converges.1

� Ž .Now, let us suppose that H f x dx is convergent and is equal to L. Then1
Ž .from inequality 6.25 we obtain

nq1
s Fa q f x dxFa qL, nG1, 6.26Ž . Ž .Hnq1 1 1

1

Ž . Ž .since f x is positive. Inequality 6.26 indicates that the monotone increasing
� 4�sequence s is bounded hence it has a limit, which is the sum of then ns1

series. �

Theorem 6.5.4 provides a test of convergence for a series of positive terms.
Of course, the usefulness of this test depends on how easy it is to integrate

Ž .the function f x .
As an example of using the integral test, consider the harmonic series

� Ž . Ž . Ž . Ž . x Ž .Ý 1rn . If f x is defined as f x s1rx, xG1, then F x sH f t dtsns1 1
Ž .log x. Since F x goes to infinity as x™�, the harmonic series must

therefore be divergent, as was shown in Chapter 5. On the other hand, the
� Ž 2 . Ž . xŽ 2 .series Ý 1rn is convergent, since F x sH dtrt s1y1rx, whichns1 1

converges to 1 as x™�.

6.5.1. Improper Riemann Integrals of the Second Kind
b Ž . w xLet us now consider integrals of the form H f x dx where a, b is a finitea

interval and the integrand becomes infinite at a finite number of points
w xinside a, b . Such integrals are called improper integrals of the second kind.

Ž . q b Ž .Suppose, for example, that f x ™� as x™a . Then H f x dx is said toa
converge if the limit

b
lim f x dxŽ .H

q�™0 aq�

Ž . y b Ž .exists and is finite. Similarly, if f x ™� as x™b , then H f x dx isa
convergent if the limit

by�
lim f x dxŽ .H

q�™0 a

Ž . b Ž .exists. Furthermore, if f x ™� as x™c, where a�c�b, then H f x dx isa
c Ž . b Ž .the sum of H f x dx and H f x dx provided that both integrals converge. Bya c
Ž . w xdefinition, if f x ™� as x™x , where x g a, b , then x is said to be a0 0 0
Ž .singularity of f x .
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The following theorems can help in determining convergence of integrals
of the second kind. They are similar to Theorems 6.5.1, 6.5.2, and 6.5.3. Their
proofs will therefore be omitted.

Ž . q b Ž .Theorem 6.5.5. If f x ™� as x™a , then H f x dx converges if anda
only if for a given ��0 there exists a z such that0

z2
f x dx �� ,Ž .H

z1

where z and z are any two numbers such that a�z �z �z �b.1 2 1 2 0

Ž . b Ž .Theorem 6.5.6. Let f x be a nonnegative function such that H f x dxc
Ž x Ž . Ž . Ž .exists for every c in a, b . If there exists a function g x such that f x Fg x

Ž x b Ž . qfor all x in a, b , and if H g x dx converges as c™a , then so doesc
b Ž .H f x dx and we havec

b b
f x dxF g x dx.Ž . Ž .H H

a a

Ž . Ž .Theorem 6.5.7. Let f x and g x be nonnegative functions that are
w xRiemann integrable on c, b for every c such that a�cFb. If

f xŽ .
lim sk ,

q g xŽ .x™a

b Ž . b Ž .where k is a positive constant, then H f x dx and H g x dx are either botha a
convergent or both divergent.

b Ž .Definition 6.5.3. Let H f x dx be an improper integral of the seconda
b � Ž . � b Ž .kind. If H f x dx converges, then H f x dx is said to converge absolutely.a a

b Ž .If, however, H f x dx is convergent, but not absolutely, then it is said to bea
conditionally convergent. �

b � Ž . � b Ž .Theorem 6.5.8. If H f x dx converges, then so does H f x dx.a a

EXAMPLE 6.5.4. Consider the integral H1eyx x ny1 dx, where n�0. If0
0�n�1, then the integral is improper of the second kind, since x ny1 ™� as
x™0q. Thus, xs0 is a singularity of the integrand. Since

eyx x ny1

lim s1,ny1q xx™0

then the behavior of H1eyx x ny1 dx with regard to convergence or divergence0
1 ny1 1 ny1 Ž . w n x1is the same as that of H x dx. But H x dxs 1rn x s1rn is con-0 0 0

vergent, and so is H1eyx x ny1 dx.0
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1Ž 2 .EXAMPLE 6.5.5. H sin xrx dx. The integrand has a singularity at xs0.0
Ž . Ž . w 2 Ž .x q 1Ž .Let g x s1rx. Then, sin x r x g x ™1 as x™0 . But H dxrx s0

w x1 q 1Ž 2 .log x is divergent, since log x™y� as x™0 . Therefore, H sin xrx dx0 0
is divergent.

2Ž 2 . w Ž .2 xEXAMPLE 6.5.6. Consider the integral H x y3 xq1 r x xy1 dx.0
Here, the integrand has two singularities, namely xs0 and xs1, inside
w x0, 2 . We can therefore write

x 2y3 xq1 x 2y3 xq12 1r2
dxs lim dxH H2 2qt™00 tx xy1 x xy1Ž . Ž .

u 2x y3 xq1
q lim dxH 2yu™1 1r2 x xy1Ž .

x 2y3 xq12
q lim dx.H 2q®™1 ® x xy1Ž .

We note that

x 2y3 xq1 1 1
s y .2 2xx xy1 xy1Ž . Ž .

Hence,

1r22x y3 xq1 12
dxs lim log xqH 2 q xy1t™00 x xy1Ž . t

u1
q lim log xq

y xy1u™1 1r2

21
q lim log xq .

q xy1®™1 ®

None of the above limits exists as a finite number. This integral is therefore
divergent.

6.6. CONVERGENCE OF A SEQUENCE OF RIEMANN INTEGRALS

In the present section we confine our attention to the limiting behavior of
� Ž .4�integrals of a sequence of functions f x .n ns1
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Ž . w xTheorem 6.6.1. Suppose that f x is Riemann integrable on a, b forn
Ž . Ž . w x Ž .nG1. If f x converges uniformly to f x on a, b as n™�, then f x isn

w xRiemann integrable on a, b and

b b
lim f x dxs f x dx.Ž . Ž .H Hn

n™� a a

Ž . w xProof. Let us first show that f x is Riemann integrable on a, b . Let
Ž . Ž .��0 be given. Since f x converges uniformly to f x , then there exists ann

integer n that depends only on � such that0

�
f x y f x � 6.27Ž . Ž . Ž .n 3 byaŽ .

w x Ž .if n�n for all xg a, b . Let n �n . Since f x is Riemann integrable on0 1 0 n1
w xa, b , then by Theorem 6.2.1 there exists a ��0 such that

�
US f yLS f � 6.28Ž .Ž . Ž .P n P n1 1 3

w x Ž .for any partition P of a, b with a norm � �� . Now, from inequality 6.27p
we have

�
f x � f x q ,Ž . Ž .n1 3 byaŽ .

�
f x � f x y .Ž . Ž .n1 3 byaŽ .

We conclude that

�
US f FUS f q , 6.29Ž . Ž .Ž .P P n1 3

�
LS f GLS f y . 6.30Ž . Ž .Ž .P P n1 3

Ž . Ž . Ž .From inequalities 6.28 , 6.29 , and 6.30 it follows that if � �� , thenp

2�
US f yLS f FUS f yLS f q �� . 6.31Ž . Ž . Ž .Ž . Ž .P P P n P n1 1 3

Ž . Ž . w xInequality 6.31 shows that f x is Riemann integrable on a, b , again by
Theorem 6.2.1.
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Let us now show that

b b
lim f x dxs f x dx. 6.32Ž . Ž . Ž .H Hn

n™� a a

Ž .From inequality 6.27 we have for n�n ,0

b b b
f x dxy f x dx F f x y f x dxŽ . Ž . Ž . Ž .H H Hn n

a a a

�
� ,

3

and the result follows, since � is an arbitrary positive number. �

6.7. SOME FUNDAMENTAL INEQUALITIES

In this section we consider certain well-known inequalities for the Riemann
integral.

6.7.1. The Cauchy–Schwarz Inequality

Ž . Ž . 2Ž .Theorem 6.7.1. Suppose that f x and g x are such that f x and
2Ž . w xg x are Riemann integrable on a, b . Then

2
b b b2 2f x g x dx F f x dx g x dx . 6.33Ž . Ž . Ž . Ž . Ž .H H H

a a a

The limits of integration may be finite or infinite.

Proof. Let c and c be constants, not both zero. Without loss of general-1 2
ity, let us assume that c �0. Then2

b 2c f x qc g x dxG0.Ž . Ž .H 1 2
a

Thus the quadratic form

b b b2 2 2 2c f x dxq2c c f x g x dxqc g x dxŽ . Ž . Ž . Ž .H H H1 1 2 2
a a a
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is nonnegative for all c and c . It follows that its discriminant, namely,1 2

2
b b b2 2 2 2c f x g x dx yc f x dx g x dxŽ . Ž . Ž . Ž .H H H2 2

a a a

must be nonpositive, that is,

2
b b b2 2f x g x dx F f x dx g x dx .Ž . Ž . Ž . Ž .H H H

a a a

Ž . Ž . wIt is easy to see that if f x and g x are linearly related that is, there exist
Ž . Ž . xconstants � and � , not both zero, such that � f x q� g x s0 , then1 2 1 2

Ž .inequality 6.33 becomes an equality. �

6.7.2. Holder’s Inequality¨
This is a generalization of the Cauchy�Schwarz inequality due to Otto

Ž .Holder 1859�1937 . To prove Holder’s inequality we need the following¨ ¨
lemmas:

Lemma 6.7.1. Let a , a , . . . , a ; � , � , . . . , � be nonnegative numbers1 1 n 1 2 n
such that Ýn � s1. Thenis1 i

n n
�ia F � a . 6.34Ž .Ł Ýi i i

is1 is1

Ž .The right-hand side of inequality 6.34 is a weighted arithmetic mean of
the a ’s, and the left-hand side is a weighted geometric mean.i

Proof. This lemma is an extension of a result given in Section 3.7 concern-
Ž .ing the properties of convex functions see Exercise 6.19 . �

Ž . Ž . Ž .Lemma 6.7.2. Suppose that f x , f x , . . . , f x are nonnegative and1 2 n
w xRiemann integrable on a, b . If � , � , . . . , � are nonnegative numbers such1 2 n

that Ýn � s1, thenis1 i

�n n ib b
�if x dxF f x dx . 6.35Ž . Ž . Ž .Ł ŁH Hi i

a ais1 is1

b Ž .Proof. Without loss of generality, let us assume that H f x dx�0 fora i
w Ž . Ž .is1, 2, . . . , n inequality 6.35 is obviously true if at least one f x isi
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xidentically equal to zero . By Lemma 6.7.1 we have

b n � iH Ł f x dxŽ .a is1 i
� in bŁ H f x dxŽ .is1 a i

� � �1 2 nf x f x f xŽ . Ž . Ž .b 1 2 n
s ��� dxH b b bH f x dx H f x dx H f x dxŽ . Ž . Ž .a a 1 a 2 a n

n n� f xŽ .b i i
F dxs � s1.Ý ÝH ibH f x dxŽ .a a iis1 is1

Ž .Hence, inequality 6.35 follows. �

Ž .Theorem 6.7.2 Holder’s Inequality . Let p and q be two positive num-¨
� Ž . � p � Ž . � qbers such that 1rpq1rqs1. If f x and g x are Riemann integrable

w xon a, b , then

1rp 1rq
b b bp q
f x g x dx F f x dx g x dx .Ž . Ž . Ž . Ž .H H H

a a a

Proof. Define the functions

p q
u x s f x , ® x s g x .Ž . Ž . Ž . Ž .

Then, by Lemma 6.7.2,

1rp 1rq
b b b1rp 1rqu x ® x dxF u x dx ® x dx ,Ž . Ž . Ž . Ž .H H H

a a a

that is,

1rp 1rq
b b bp q

f x g x dxF f x dx g x dx . 6.36Ž . Ž . Ž . Ž . Ž .H H H
a a a

Ž .The theorem follows from inequality 6.36 and the fact that

b b
f x g x dx F f x g x dx.Ž . Ž . Ž . Ž .H H

a a

We note that the Cauchy-Schwarz inequality can be deduced from Theorem
6.7.2 by taking psqs2. �
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6.7.3. Minkowski’s Inequality

Ž .The following inequality is due to Hermann Minkowski 1864�1909 .

Ž . Ž .Theorem 6.7.3. Suppose that f x and g x are functions such that
� Ž . � p � Ž . � p w xf x and g x are Riemann integrable on a, b , where 1Fp��. Then

1rp 1rp 1rp
b b bp p p

f x qg x dx F f x dx q g x dx .Ž . Ž . Ž . Ž .H H H
a a a

Proof. The theorem is obviously true if ps1 by the triangle inequality.
We therefore assume that p�1. Let q be a positive number such that

Ž .1rpq1rqs1. Hence, psp 1rpq1rq s1qprq. Let us now write

p prq
f x qg x s f x qg x f x qg xŽ . Ž . Ž . Ž . Ž . Ž .

prq prq
F f x f x qg x q g x f x qg x .Ž . Ž . Ž . Ž . Ž . Ž .

6.37Ž .

By applying Holder’s inequality to the two terms on the right-hand side of¨
Ž .inequality 6.37 we obtain

b prq
f x f x qg x dxŽ . Ž . Ž .H

a

1rp 1rq
b bp p

F f x dx f x qg x dx , 6.38Ž . Ž . Ž . Ž .H H
a a

b prq
g x f x qg x dxŽ . Ž . Ž .H

a

1rp 1rq
b bp p

F g x dx f x qg x dx . 6.39Ž . Ž . Ž . Ž .H H
a a

Ž . Ž . Ž .From inequalities 6.37 , 6.38 , and 6.39 we conclude that

1rq
b bp p

f x qg x dxF f x qg x dxŽ . Ž . Ž . Ž .H H
a a

1rp 1rp
b bp p

� f x dx q g x dx .Ž . Ž .H H½ 5a a

6.40Ž .



SOME FUNDAMENTAL INEQUALITIES 233

Ž .Since 1y1rqs1rp, inequality 6.40 can be written as

1rp 1rp 1rp
b b bp p p

f x qg x dx F f x dx q g x dx .Ž . Ž . Ž . Ž .H H H
a a a

Minkowski’s inequality can be extended to integrals involving more than
Ž . � Ž . � ptwo functions. It can be shown see Exercise 6.20 that if f x is Riemanni

w xintegrable on a, b for is1, 2, . . . , n, then

1rpp 1rpn n
b b p

f x dx F f x dx . �Ž . Ž .Ý ÝH Hi i
a ais1 is1

6.7.4. Jensen’s Inequality

Theorem 6.7.4. Let X be a random variable with a finite expected value,
Ž . Ž .�sE X . If � x is a twice differentiable convex function, then

E � X G� E X .Ž . Ž .

Ž . Ž . Ž .Proof. Since � x is convex and �� x exists, then we must have �� x G0.
Ž .By applying the mean value theorem Theorem 4.2.2 around � we obtain

� X s� � q Xy� �� c ,Ž . Ž . Ž . Ž .

Ž .where c is between � and X. If Xy��0, then c�� and hence �� c G
Ž . Ž .�� � , since �� x is nonnegative. Thus,

� X y� � s Xy� �� c G Xy� �� � . 6.41Ž . Ž . Ž . Ž . Ž . Ž . Ž .

Ž . Ž .On the other hand, if Xy��0, then c�� and �� c F�� � . Hence,

� X y� � s Xy� �� c G Xy� �� � . 6.42Ž . Ž . Ž . Ž . Ž . Ž . Ž .

Ž . Ž .From inequalities 6.41 and 6.42 we conclude that

E � X y� � G�� � E Xy� s0,Ž . Ž . Ž . Ž .

which implies that

E � X G� � ,Ž . Ž .

w Ž .x Ž .since E � � s� � . �
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6.8. RIEMANN–STIELTJES INTEGRAL

In this section we consider a more general integral, namely the Riemann�
Stieltjes integral. The concept on which this integral is based can be at-

Ž .tributed to a combination of ideas by Georg Friedrich Riemann 1826�1866
Ž .and the Dutch mathematician Thomas Joannes Stieltjes 1856�1894 .
Ž . Ž .The Riemann-Stieltjes integral involves two functions f x and g x , both

w x b Ž . Ž .defined on the interval a, b , and is denoted by H f x dg x . In particular, ifa
Ž . b Ž .g x sx we obtain the Riemann integral H f x dx. Thus the Riemanna

integral is a special case of the Riemann-Stieltjes integral.
Ž .The definition of the Riemann-Stieltjes integral of f x with respect to

Ž . w x Ž .g x on a, b is similar to that of the Riemann integral. If f x is bounded on
w x Ž . w x � 4a, b , if g x is monotone increasing on a, b , and if Ps x , x , . . . , x is a0 1 n

w xpartition of a, b , then as in Section 6.2, we define the sums

n

LS f , g s m � g ,Ž . ÝP i i
is1

n

US f , g s M � g ,Ž . ÝP i i
is1

Ž .where m and M are, respectively, the infimum and supremum of f x oni i
w x Ž . Ž .x , x , � g sg x yg x , is1, 2, . . . , n. If for a given ��0 thereiy1 i i i iy1
exists a ��0 such that

US f , g yLS f , g �� 6.43Ž . Ž . Ž .P P

Ž .whenever � �� , where � is the norm of P, then f x is said to bep p
Ž . w xRiemann�Stieltjes integrable with respect to g x on a, b . In this case,

b
f x dg x s inf US f , g s sup LS f , g .Ž . Ž . Ž . Ž .H P P

Pa P

Ž .Condition 6.43 is both necessary and sufficient for the existence of the
Riemann�Stieltjes integral.

� 4Equivalently, suppose that for a given partition Ps x , x , . . . , x we0 1 n
define the sum

n

S P , f , g s f t � g , 6.44Ž . Ž . Ž .Ý i i
is1

w x Ž .where t is a point in the interval x , x , is1, 2, . . . , n. Then f x isi iy1 i
Ž . w xRiemann�Stieltjes integrable with respect to g x on a, b if for any ��0
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there exists a ��0 such that

b
S P , f , g y f x dg x �� 6.45Ž . Ž . Ž . Ž .H

a

w xfor any partition P of a, b with a norm � �� , and for any choice of thep
w xpoint t in x , x , is1, 2, . . . , n.i iy1 i

Theorems concerning the Riemann�Stieltjes integral are very similar to
those seen earlier concerning the Riemann integral. In particular, we have
the following theorems:

Ž . w x Ž .Theorem 6.8.1. If f x is continuous on a, b , then f x is
w xRiemann�Stieltjes integrable on a, b .

Proof. See Exercise 6.21. �

Ž . Ž .Theorem 6.8.2. If f x is monotone increasing or monotone decreasing
w x Ž . w x Ž .on a, b , and g x is continuous on a, b , then f x is Riemann�Stieltjes

Ž . w xintegrable with respect to g x on a, b .

Proof. See Exercise 6.22. �

The next theorem shows that under certain conditions, the Riemann�
Stieltjes integral reduces to the Riemann integral.

Ž .Theorem 6.8.3. Suppose that f x is Riemann�Stieltjes integrable with
Ž . w x Ž . Ž .respect to g x on a, b , where g x has a continuous derivative g � x on

w xa, b . Then

b b
f x dg x s f x g � x dx.Ž . Ž . Ž . Ž .H H

a a

� 4 w xProof. Let Ps x , x , . . . , x be a partition of a, b . Consider the sum0 1 n

n

S P , h s h t � x , 6.46Ž . Ž . Ž .Ý i i
is1

Ž . Ž . Ž .where h x s f x g � x and x F t Fx , is1, 2, . . . , n. Let us also consideriy1 i i
the sum

n

S P , f , g s f t � g , 6.47Ž . Ž . Ž .Ý i i
is1
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Ž . Ž .If we apply the mean value theorem Theorem 4.2.2 to g x , we obtain

� g sg x yg x sg � z � x , is1, 2, . . . , n , 6.48Ž . Ž . Ž . Ž .i i iy1 i i

Ž . Ž . Ž .where x �z �x , is1, 2, . . . , n. From 6.46 , 6.47 , and 6.48 we caniy1 i i
then write

n

S P , f , g yS P , h s f t g � z yg � t � x . 6.49Ž . Ž . Ž . Ž . Ž . Ž .Ý i i i i
is1

Ž . w x Ž . w xSince f x is bounded on a, b and g � x is uniformly continuous on a, b by
Theorem 3.4.6, then for a given ��0 there exists a � �0, which depends1
only on � , such that

�
g � z yg � t � ,Ž . Ž .i i 2 M byaŽ .

� � � Ž . � w x Ž .if z y t �� , where M�0 is such that f x FM on a, b . From 6.49 iti i 1
follows that if the partition P has a norm � �� , thenp 1

�
S P , f , g yS P , h � . 6.50Ž . Ž . Ž .

2

Ž . Ž .Now, since f x is Riemann�Stieltjes integrable with respect to g x on
w xa, b , then by definition, for the given ��0 there exists a � �0 such that2

�b
S P , f , g y f x dg x � , 6.51Ž . Ž . Ž . Ž .H 2a

Ž . Ž .if the norm � of P is less than � . We conclude from 6.50 and 6.51 thatp 2
Ž .if the norm of P is less than min � , � , then1 2

b
S P , h y f x dg x �� .Ž . Ž . Ž .H

a

b Ž . Ž .Since � is arbitrary, this inequality implies that H f x dg x is in fact thea
b Ž . b Ž . Ž .Riemann integral H h x dxsH f x g � x dx. �a a

Ž .Using Theorem 6.8.3, it is easy to see that if, for example, f x s1 and
Ž . 2 b Ž . Ž . b Ž . Ž . b 2 2g x sx , then H f x dg x sH f x g � x dxsH 2 x dxsb ya .a a a

It should be noted that Theorems 6.8.1 and 6.8.2 provide sufficient
b Ž . Ž .conditions for the existence of H f x dg x . It is possible, however, for thea

Ž .Riemann�Stieltjes integral to exist even if g x is a discontinuous function.
Ž . Ž .For example, consider the function g x s� I xyc , where � is a nonzero
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Ž .constant, a�c�b, and I xyc is such that

0, x�c,I xyc sŽ . ½ 1, xGc.

Ž .The quantity � represents what is called a jump at xsc. If f x is bounded
w xon a, b and is continuous at xsc, then

b
f x dg x s� f c . 6.52Ž . Ž . Ž . Ž .H

a

Ž . � 4To show the validity of formula 6.52 , let Ps x , x , . . . , x be any partition0 1 n
w x Ž . Ž .of a, b . Then, � g sg x yg x will be zero as long as x �c ori i iy1 i

x Gc. Suppose, therefore, that there exists a k, 1FkFn, such thatiy1
Ž . Ž .x �cFx . In this case, the sum S P, f , g in formula 6.44 takes theky1 k

form
n

S P , f , g s f t � g s� f t .Ž . Ž . Ž .Ý i i k
is1

It follows that

� �S P , f , g y� f c s � f t y f c . 6.53Ž . Ž . Ž . Ž . Ž .k

Ž .Now, let ��0 be given. Since f x is continuous at xsc, then there exists a
��0 such that

�
f t y f c � ,Ž . Ž .k � ��

� �if t yc �� . Thus if the norm � of P is chosen so that � �� , thenk p p

S P , f , g y� f c �� . 6.54Ž . Ž . Ž .

Ž . Ž . Ž .Equality 6.52 follows from comparing inequalities 6.45 and 6.54 .
It is now easy to show that if

�, aFx�b ,g x sŽ . ½ ��, xsb ,

Ž .and if f x is continuous at xsb, then

b
f x dg x s ��y� f b . 6.55Ž . Ž . Ž . Ž . Ž .H

a

The previous examples represent special cases of a class of functions
w x w xdefined on a, b called step functions. These functions are constant on a, b
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except for a finite number of jump discontinuities. We can generalize
Ž .formula 6.55 to this class of functions as can be seen in the next theorem.

Ž . w xTheorem 6.8.4. Let g x be a step function defined on a, b with jump
discontinuities at xsc , c , . . . , c , and a�c �c � ��� �c sb, such that1 2 n 1 2 n

� , aFx�c ,° 1 1

� , c Fx�c ,2 1 2
. .~ . .g x sŽ . . .
� , c Fx�c ,n ny1 n¢� , xsc .nq1 n

Ž . w xIf f x is bounded on a, b and is continuous at xsc , c , . . . , c , then1 2 n

n
b
f x dg x s � y� f c . 6.56Ž . Ž . Ž . Ž . Ž .ÝH iq1 i i

a is1

Proof. The proof can be easily obtained by first writing the integral in
Ž .formula 6.56 as

c cb 1 2
f x dg x s f x dg x q f x dg xŽ . Ž . Ž . Ž . Ž . Ž .H H H

a a c1

cn
q ���q f x dg x . 6.57Ž . Ž . Ž .H

cny1

Ž . Ž .If we now apply formula 6.55 to each integral in 6.57 we obtain

c1
f x dg x s � y� f c ,Ž . Ž . Ž . Ž .H 2 1 1

a

c2
f x dg x s � y� f c ,Ž . Ž . Ž . Ž .H 3 2 2

c1

...
cn

f x dg x s � y� f c .Ž . Ž . Ž . Ž .H nq1 n n
cny1

Ž .By adding up all these integrals we obtain formula 6.56 . �

EXAMPLE 6.8.1. One example of a step function is the greatest-integer
w xfunction x , which is defined as the greatest integer less than or equal to x.

Ž . w xIf f x is bounded on 0, n and is continuous at xs1, 2, . . . , n, where n is a
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positive integer, then by Theorem 6.8.4 we can write

nn
w xf x d x s f i . 6.58Ž . Ž . Ž .ÝH

0 is1

It follows that every finite sum of the form Ýn a can be expressed as ais1 i
w x Ž .Riemann�Stieltjes integral with respect to x of a function f x continuous

w x Ž .on 0, n such that f i sa , is1, 2, . . . , n. The Riemann�Stieltjes integrali
has therefore the distinct advantage of making finite sums expressible as
integrals.

6.9. APPLICATIONS IN STATISTICS

Riemann integration plays an important role in statistical distribution theory.
Perhaps the most prevalent use of the Riemann integral is in the study of the
distributions of continuous random variables.

We recall from Section 4.5.1 that a continuous random variable X with a
Ž . Ž .cumulative distribution function F x sP XFx is absolutely continuous if

Ž . Ž .F x is differentiable. In this case, there exists a function f x called the
Ž . Ž .density function of X such that F� x s f x , that is,

x
F x s f t dt . 6.59Ž . Ž . Ž .H

y�

In general, if X is a continuous random variable, it need not be absolutely
continuous. It is true, however, that most common distributions that are
continuous are also absolutely continuous.

The probability distribution of an absolutely continuous random variable is
Ž .completely determined by its density function. For example, from 6.59 it

follows that

b
P a�X�b sF b yF a s f x dx. 6.60Ž . Ž . Ž . Ž . Ž .H

a

Note that the value of this probability remains unchanged if one or both of
w xthe end points of the interval a, b are included. This is true because the

probability assigned to these individual points is zero when X has a continu-
ous distribution. The mean � and variance � 2 of X are given by

�

�sE X s xf x dx ,Ž . Ž .H
y�

� 22� sVar X s xy� f x dx.Ž . Ž . Ž .H
y�
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Ž .In general, the kth central moment of X, denoted by � ks1, 2, . . . , isk
defined as

�k k
� sE Xy� s xy� f x dx. 6.61Ž . Ž . Ž . Ž .Hk

y�

We note that � 2s� . Similarly, the k th noncentral moment of X, denoted2
� Ž .by � ks1, 2, . . . , is defined ask

�� sE X k . 6.62Ž . Ž .k

The first noncentral moment of X is its mean �, while its first central
moment is equal to zero.

Ž .We note that if the domain of the density function f x is infinite, then �k
and �� are improper integrals of the first kind. Therefore, they may or mayk

� � � k Ž . � Žnot exist. If H x f x dx exists, then so does � see Definition 6.5.2y� k
.concerning absolute convergence of improper integrals . The latter integral is

called the k th absolute moment and is denoted by � . If � exists, then thek k
noncentral moments of order j for jFk exist also. This follows because of
the inequality

� j � � � kx F x q1 if jFk , 6.63Ž .

� � j � � k � � � � j � �which is true because x F x if x G1 and x �1 if x �1. Hence,
� j � � � k Ž .x F x q1 for all x. Consequently, from 6.63 we obtain the inequality

� F� q1, jFk ,j k

which implies that �� exists for jFk. Since the central moment � inj j
Ž .formula 6.61 is expressible in terms of noncentral moments of order j or

smaller, the existence of � also implies the existence of � .j j

EXAMPLE 6.9.1. Consider a random variable X with the density function

1
f x s , y��x��.Ž . 2
 1qxŽ .

Such a random variable has the so-called Cauchy distribution. Its mean �
does not exist. This follows from the fact that in order of � to exist, the two
limits in the following formula must exist:

1 x dx 1 x dx0 b
�s lim q lim . 6.64Ž .H H2 2
 
1qx 1qxa™� b™�ya 0
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10 2 2 b 2Ž . Ž . Ž .But, H x dxr 1qx sy log 1qa ™y� as a™�, and H x dxr 1qxya 02
1 2 � 2Ž . Ž .s log 1qb ™� as b™�. The integral H x dxr 1qx is thereforey�2

divergent, and hence � does not exist.
It should be noted that it would be incorrect to state that

a1 x dx
�s lim , 6.65Ž .H 2
 1qxa™� ya

Ž .which is equal to zero. This is because the limits in 6.64 must exist for any a
Ž .and b that tend to infinity. The limit in formula 6.65 requires that asb.

Such a limit is therefore considered as a subsequential limit.
The higher-order moments of the Cauchy distribution do not exist either.

It is easy to verify that

�
k1 x dx

�� s 6.66Ž .Hk 2
 1qxy�

is divergent for kG1.

EXAMPLE 6.9.2. Consider a random variable X that has the logistic
distribution with the density function

e x

f x s , y��x��.Ž . 2x1qeŽ .

The mean of X is

�
xxe

�s dxH 2xy� 1qeŽ .

u1
s log du, 6.67Ž .H ž /1yu0

x Ž x. Ž .where use r 1qe . We recognize the integral in 6.67 as being an
improper integral of the second kind with singularities at us0 and us1.
We therefore write

u u1r2 b
�s lim log duq lim log du. 6.68Ž .H Hž / ž /q y1yu 1yua™0 b™1a 1r2
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Thus,

1r2
�s lim u log uq 1yu log 1yuŽ . Ž . aqa™0

bq lim u log uq 1yu log 1yuŽ . Ž . 1r2
yb™1

s lim b log bq 1yb log 1ybŽ . Ž .
yb™1

y lim a log aq 1ya log 1ya . 6.69Ž . Ž . Ž .
qa™0

Ž .By applying l’Hospital’s rule Theorem 4.2.6 we find that

lim 1yb log 1yb s lim a log as0.Ž . Ž .
y qb™1 a™0

We thus have

�s lim b log b y lim 1ya log 1ya s0.Ž . Ž . Ž .
y qb™1 a™0

2 2 Ž .The variance � of X can be shown to be equal to 
 r3 see Exercise 6.24 .

6.9.1. The Existence of the First Negative Moment
of a Continuous Distribution

Ž .Let X be a continuous random variable with a density function f x . By
Ž y1 .definition, the first negative moment of X is E X . The existence of such

a moment will be explored in this section.
The need to evaluate a first negative moment can arise in many practical

applications. Here are some examples.

EXAMPLE 6.9.3. Let PP be a population with a mean � and a variance
� 2. The coefficient of variation is a measure of variation in the population

� �per unit mean and is equal to �r � , assuming that ��0. An estimate of
� �this ratio is sr y , where s and y are, respectively, the sample standard

deviation and sample mean of a sample randomly chosen from PP. If the
population is normally distributed, then y is also normally distributed and is

Ž � � . Ž . Ž � � .statistically independent of s. In this case, E sr y sE s E 1r y . The
Ž � � .question now is whether E 1r y exists or not.

Ž .EXAMPLE 6.9.4 Calibration or Inverse Regression . Consider the simple
linear regression model

E y s� q� x . 6.70Ž . Ž .0 1

In most regression situations, the interest is in predicting the response y for
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ˆa given value of x. For this purpose we use the prediction equation ys� qˆ 0
ˆ ˆ ˆ� x, where � and � are the least-squares estimators of � and � ,1 0 1 0 1

�Ž . Ž .respectively. These are obtained from the data set x , y , x , y , . . . ,1 1 2 2
Ž .4x , y that results from running n experiments in which y is measured forn n
specified settings of x. There are other situations, however, where the
interest is in predicting the value of x, say x , that corresponds to an0
observed value of y, say y . This is an inverse regression problem known as0

Žthe calibration problem see Graybill, 1976, Section 8.5; Montgomery and
.Peck, 1982, Section 9.7 .

For example, in calibrating a new type of thermometer, n readings,
y , y , . . . , y , are taken at predetermined known temperature values,1 2 n

Žx , x , . . . , x these values are known by using a standard temperature1 2 n
.gauge . Suppose that the relationship between the x ’s and the y ’s is welli i

Ž .represented by the model in 6.70 . If a new reading y is observed using the0
new thermometer, then it is of interest to estimate the correct temperature

Žx that is, the temperature on the standard gauge corresponding to the0
.observed temperature reading y .0

In another calibration problem, the date of delivery of a pregnant woman
can be estimated by the size y of the head of her unborn child, which can be

Ž .determined by a special electronic device sonogram . If the relationship
between y and the number of days x left until delivery is well represented by

Ž .model 6.70 , then for a measured value of y, say y , it is possible to estimate0
x , the corresponding value of x.0

Ž . Ž .In general, from model 6.70 we have E y s� q� x . If � �0, we0 0 1 0 1
can solve for x and obtain0

E y y�Ž .0 0
x s .0 �1

Hence, to estimate x we use0

ˆy y� y yy0 0 0
x s sxq ,0̂ ˆ ˆ� �1 1

n nˆ ˆ Ž . Ž .since � syy� x, where xs 1rn Ý x , ys 1rn Ý y . If the response0 1 is1 i is1 i
2 ˆy is normally distributed with a variance � , then y and � are statistically1

ˆ Žindependent. Since y is also statistically independent of � y does not0 1 0
.belong to the data set used to estimate � , then the expected value of x isˆ1 0

given by
y yy0

E x sxqEŽ .0̂ ž /�̂1

1
sxqE y yy E .Ž .0 ž /�̂1

ˆŽ .Here again it is of interest to know if E 1r� exists.1
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Ž .Now, suppose that the density function f x of the continuous random
Ž . Ž .variable X is defined on 0, � . Let us also assume that f x is continuous.

The expected value of Xy1 is

� f xŽ .
y1E X s dx. 6.71Ž . Ž .H x0

This is an improper integral with a singularity at xs0. In particular, if
Ž . Ž y1 .f 0 �0, then E X does not exist, because

f x rxŽ .
lim s f 0 �0.Ž .

q 1rxx™0

�Ž Ž . . �Ž .By Theorem 6.5.7, the integrals H f x rx dx and H dxrx are of the same0 0
Ž .kind. Since the latter is divergent, then so is the former. Note that if f x is

Ž . Ž . Ž y1 .defined on y�, � and f 0 �0, then E X does not exist either. In this
case,

� �f x f x f xŽ . Ž . Ž .0
dxs dxq dxH H Hx x xy� y� 0

�f x f xŽ . Ž .0
sy dxq dx.H H� �x xy� 0

Both integrals on the right-hand side are divergent.

Ž y1 .A sufficient condition for the existence of E X is given by the following
w Ž .xtheorem see Piegorsch and Casella 1985 :

Ž .Theorem 6.9.1. Let f x be a continuous density function for a random
Ž .variable X defined on 0, � . If

f xŽ .
lim �� for some 
�0, 6.72Ž .
q xx™0

Ž y1 .then E X exists.

Ž . 
 qProof. Since the limit of f x rx is finite as x™0 , there exist finite
Ž . 
constants M and ��0 such that f x rx �M if 0�x�� . Hence,

f x M� 
Ž .� �

y1dx�M x dxs .H Hx 
0 0
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Thus,

� �f x f x f xŽ . Ž . Ž .�y1E X s dxs dxq dxŽ . H H Hx x x0 0 �



�


M� 1 M� 1
� q f x dxF q ��. �Ž .H


 � 
 ��

It should be noted that the condition of Theorem 6.9.1 is not a necessary
Ž .one. Piegorsch and Casella 1985 give an example of a family of density

Ž .functions that all violate condition 6.72 , with some members having a finite
Ž .first negative moment and others not having one see Exercise 6.25 .

Ž .Corollary 6.9.1. Let f x be a continuous density function for a random
Ž . Ž . Ž .variable X defined on 0, � such that f 0 s0. If f � 0 exists and is finite,

Ž y1 .then E X exists.

Proof. We have that

f x y f 0 f xŽ . Ž . Ž .
f � 0 s lim s lim .Ž .

q qx xx™0 x™0

Ž y1 .By applying Theorem 6.9.1 with 
s1 we conclude that E X exists. �

EXAMPLE 6.9.5. Let X be a normal random variable with a mean � and
a variance � 2. Its density function is given by

1 1 2f x s exp y xy� , y��x��.Ž . Ž .22' 2�2
�

Ž . Ž y1 .In this example, f 0 �0. Hence, E X does not exist. Consequently,
Ž � � .E 1r y in Example 6.9.3 does not exist if the population PP is normally

� �distributed, since the density function of y is positive at zero. Also, in
ˆ ˆŽ .Example 6.9.4, E 1r� does not exist, because � is normally distributed if1 1

the response y satisfies the assumption of normality.

EXAMPLE 6.9.6. Let X be a continuous random variable with the density
function

1
nr2y1 yx r2f x s x e , 0�x��,Ž . nr2� nr2 2Ž .
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Ž .where n is a positive integer and � nr2 is the value of the gamma function,
H�eyx x nr2y1 dx. This is the density function of a chi-squared random variable0
with n degrees of freedom.

Let us consider the limit

f x 1Ž .
nr2y
y1 yx r2lim s lim x e


 nr2q qx � nr2 2x™0 x™0Ž .

for 
�0. This limit exists and is equal to zero if nr2y
y1�0, that is, if
Ž . Ž y1 .n�2 1q
 �2. Thus by Theorem 6.9.1, E X exists if the number of

degrees of freedom exceeds 2.
Ž .More recently, Khuri and Casella 2002 presented several extensions and

Ž .generalizations of the results in Piegorsch and Casella 1985 , including a
Ž y1 .necessary and sufficient condition for the existence of E X .

6.9.2. Transformation of Continuous Random Variables

Ž .Let Y be a continuous random variable with a density function f y . Let
Ž . Ž .Ws� Y , where � y is a function whose derivative exists and is continuous

Ž . Ž .on a set A. Suppose that � � y �0 for all ygA, that is, � y is strictly
Ž .monotone. We recall from Section 4.5.1 that the density function g w of W

is given by

y1d� wŽ .
y1g w s f � w , wgB , 6.73Ž . Ž . Ž .

dw

y1Ž .where B is the image of A under � and ys� w is the inverse function
Ž .of ws� y . This result can be easily obtained by applying the change of

variables technique in Section 6.4.1. This is done as follows: We have that for
any w and w such that w Fw ,1 2 1 2

w2
P w FWFw s g w dw. 6.74Ž . Ž . Ž .H1 2

w1

Ž . Ž .If � � y �0, then � y is strictly monotone increasing. Hence,

P w FWFw sP y FYFy , 6.75Ž . Ž . Ž .1 2 1 2

Ž . Ž .where y and y are such that w s� y , w s� y . But1 2 1 1 2 2

y2
P y FYFy s f y dy. 6.76Ž . Ž . Ž .H1 2

y1

y1Ž . Ž .Let us now apply the change of variables ys� w to the integral in 6.76 .
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By Theorem 6.4.9 we have

y1y w d� wŽ .2 2 y1f y dys f � w dw. 6.77Ž . Ž . Ž .H H dwy w1 1

Ž . Ž .From 6.75 and 6.76 we obtain

y1w d� wŽ .2 y1P w FWFw s f � w dw. 6.78Ž . Ž . Ž .H1 2 dww1

Ž . Ž . Ž .On the other hand, if � � y �0, then P w FWFw sP y FYFy .1 2 2 1
Consequently,

y1
P w FWFw s f y dyŽ . Ž .H1 2

y2

y1w d� wŽ .1 y1s f � w dwŽ .H dww2

y1w d� wŽ .2 y1sy f � w dw. 6.79Ž . Ž .H dww1

Ž . Ž .By combining 6.78 and 6.79 we obtain

y1w d� wŽ .2 y1P w FWFw s f � w dw. 6.80Ž . Ž . Ž .H1 2 dww1

Ž . Ž . Ž .Formula 6.73 now follows from comparing 6.74 and 6.80 .

( )The Case Where ws� y Has No Unique In®erse

Ž . Ž .Formula 6.73 requires that ws� y has a unique inverse, the existence of
Ž .which is guaranteed by the nonvanishing of the derivative � � y . Let us now

Ž .consider the following extension: The function � y is continuously differen-
tiable, but its derivative can vanish at a finite number of points inside its

Ž .domain. We assume that the domain of � y can be partitioned into a finite
number, say n, of disjoint subdomains, denoted by I , I , . . . , I , on each of1 2 n

Ž . Ž .which � y is strictly monotone decreasing or increasing . Hence, on each Ii
Ž . Ž .is1, 2, . . . , n , � y has a unique inverse. Let � denote the restriction ofi

Ž . y1Ž .the function � to I , that is, � y has a unique inverse, ys� w ,i i i
is1, 2, . . . , n. Since I , I , . . . , I are disjoint, for any w and w such that1 2 n 1 2
w Fw we have1 2

n
y1P w FWFw s P Yg� w , w , 6.81Ž . Ž . Ž .Ý1 2 i 1 2

is1
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y1Ž . w xwhere � w , w is the inverse image of w , w , which is a subset of I ,i 1 2 1 2 i
is1, 2, . . . , n. Now, on the ith subdomain we have

y1P Yg� w , w s f y dyŽ . Ž .Hi 1 2
y1Ž .� w , wi 1 2

y1d� wŽ .iy1s f � w dw , is1, 2, . . . , n ,Ž .H i dwTi

6.82Ž .

y1Ž . Ž .where T is the image of � w , w under � . Formula 6.82 follows fromi i 1 2 i
Ž . Ž .applying formula 6.80 to the function � y , is1, 2, . . . , n. Note that T si i

w y1Ž .x w x Ž . Ž .� � w , w s w , w l� I , is1, 2, . . . , n why? . Thus T is a subseti i 1 2 1 2 i i i
w x Ž . Ž .of both w , w and � I . We can therefore write the integral in 6.82 as1 2 i i

y1 y1wd� w d� wŽ . Ž .2i iy1 y1f � w dws � w f � w dw , 6.83Ž . Ž . Ž . Ž .H Hi i idw dwT wi 1

Ž . Ž . Ž .where � w s1 if wg� I and � w s0 otherwise, is1, 2, . . . , n. Usingi i i i
Ž . Ž . Ž .6.82 and 6.83 in formula 6.81 , we obtain

y1n w d� wŽ .2 iy1P w FWFw s � w f � w dwŽ . Ž . Ž .Ý H1 2 i i dww1is1

y1nw d� wŽ .2 iy1s � w f � w dw ,Ž . Ž .ÝH i i dww1 is1

from which we deduce that the density function of W is given by

y1n d� wŽ .iy1g w s � w f � w . 6.84Ž . Ž . Ž . Ž .Ý i i dwis1

EXAMPLE 6.9.7. Let Y have the standard normal distribution with the
density function

1 y2

f y s exp y , y��y��.Ž . ž /' 22


Define the random variable W as WsY 2. In this case, the function wsy2
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Ž .has two inverse functions on y�, � , namely,

'y w , yF0,
ys ½ 'w , y�0.

Ž x Ž . Ž . w . Ž . Ž .Thus I s y�, 0 , I s 0, � , and � I s 0, � , � I s 0, � . Hence,1 2 1 1 2 2
Ž . Ž . Ž . Ž .� w s1, � w s1 if wg 0, � . By applying formula 6.84 we then get1 2

1 y1 1 1
yw r2 yw r2g w s e q eŽ . ' ' ' '2
 2 w 2
 2 w

1 eyw r2

s , w�0.' '2
 w

This represents the density function of a chi-squared random variable with
one degree of freedom.

6.9.3. The Riemann–Stieltjes Integral Representation of the Expected Value

Ž .Let X be a random variable with a cumulative distribution function F x .
Ž . Ž .Suppose that h x is Riemann�Stieltjes integrable with respect to F x on

Ž . Ž .y�, � . Then the expected value of h X is defined as

�

E h X s h x dF x . 6.85Ž . Ž . Ž . Ž .H
y�

Ž .Formula 6.85 provides a unified representation of expected values for both
discrete and continuous random variables.

Ž .If X is a continuous random variable with a density function f x , that is,
Ž . Ž .F� x s f x , then

�

E h X s h x f x dx.Ž . Ž . Ž .H
y�

If, however, X has a discrete distribution with a probability mass function
Ž .p x and takes the values c , c , . . . , c , then1 2 n

n

E h X s h c p c . 6.86Ž . Ž . Ž . Ž .Ý i i
is1

Ž . Ž .Formula 6.86 follows from applying Theorem 6.8.4. Here, F x is a step
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function with jump discontinuities at c , c , . . . , c such that1 2 n

0, y��x�c° 1

p c , c Fx�c ,Ž .1 1 2

p c qp c , c Fx�c ,Ž . Ž .1 2 2 3
...~F x sŽ . ny1

p c , c Fx�c ,Ž .Ý i ny1 n
is1

n

p c s1, c Fx��.Ž .Ý i n¢
is1

Ž .Thus, by formula 6.56 we obtain

n�

h x dF x s p c h c . 6.87Ž . Ž . Ž . Ž . Ž .ÝH i i
y� is1

For example, suppose that X has the discrete uniform distribution with
Ž . Ž .p x s1rn for xsc , c , . . . , c . Its cumulative distribution function F c1 2 n

can be expressed as

n1
w xF x sP XFx s I xyc ,Ž . Ž .Ý in is1

Ž .where I xyc is equal to zero if x�c and is equal to one if xGci i i
Ž . Ž .is1, 2, . . . , n . The expected value of h X is

n1
E h X s h c .Ž . Ž .Ý in is1

Ž .EXAMPLE 6.9.8. The moment generating function � t of a random
Ž .variable X with a cumulative distribution function F x is defined as the

Ž . t Xexpected value of h X se , that is,t

�
t X t x� t sE e s e dF x ,Ž . Ž . Ž .H

y�

where t is a scalar. If X is a discrete random variable with a probability mass
Ž .function p x and takes the values c , c , . . . , c , . . . , then by letting n go to1 2 n
Ž . Ž .infinity in 6.87 we obtain see also Section 5.6.2

�
tci� t s p c e .Ž . Ž .Ý i

is1
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The moment generating function of a continuous random variable with a
Ž .density function f x is

�
t x� t s e f x dx. 6.88Ž . Ž . Ž .H

y�

Ž .The convergence of the integral in 6.88 depends on the choice of the scalar
Ž .t. For example, for the gamma distribution G 
 , � with the density function

x 
y1 eyx r �

f x s , 
�0, ��0, 0�x��,Ž . 
� 
 �Ž .

Ž .� t is of the form

�
t x 
y1 yx r �e x e

� t s dxŽ . H 
� 
 �Ž .0


y1
� x exp yx 1y� t r�Ž .

s dx.H 
� 
 �Ž .0

Ž .If we set ysx 1y� t r� , we obtain


y1
� � � y

yy� t s e dy.Ž . H 
 ž /1y� t � 
 � 1y� tŽ . Ž .0

Thus,

�

y1 yy1 y e

� t s dyŽ . H

� 
Ž .1y� tŽ . 0

y

s 1y� t ,Ž .

� yy 
y1 Ž .since H e y dys� 
 by the definition of the gamma function. We note0
Ž .that � t exists for all values of 
 provided that 1y� t�0, that is, t�1r�.

6.9.4. Chebyshev’s Inequality

In Section 5.6.1 there was a mention of Chebyshev’s inequality. Using the
Riemann�Stieltjes integral representation of the expected value, it is now
possible to provide a proof for this important inequality.

Ž .Theorem 6.9.2. Let X be a random variable discrete or continuous with
a mean � and a variance � 2. Then, for any positive constant r,

1
� �P Xy� G r� F .Ž . 2r
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2 Ž . Ž .2Proof. By definition, � is the expected value of h X s Xy� . Thus,

� 22� s xy� dF x , 6.89Ž . Ž . Ž .H
y�

Ž .where F x is the cumulative distribution function of X. Let us now partition
Ž . Ž x Ž .y�, � into three disjoint intervals: y�, �y r� , �y r� , �q r� ,
w . Ž .�q r� , � . The integral in 6.89 can therefore be written as

�yr� �qr �2 22� s xy� dF x q xy� dF xŽ . Ž . Ž . Ž .H H
y� �yr �

� 2q xy� dF xŽ . Ž .H
�qr�

�yr� �2 2G xy� dF x q xy� dF x . 6.90Ž . Ž . Ž . Ž . Ž .H H
y� �qr �

Ž .We note that in the first integral in 6.90 , xF�y r� , so that xy�Fyr� .
Ž .2 2 2Hence, xy� G r � . Also, in the second integral, xy�G r� . Hence,

Ž .2 2 2xy� G r � . Consequently,

�yr� �yr �2 2 2 2 2xy� dF x G r � dF x s r � P XF�y r� ,Ž . Ž . Ž . Ž .H H
y� y�

� �2 2 2 2 2xy� dF x G r � dF x s r � P XG�q r� .Ž . Ž . Ž . Ž .H H
�qr� �qr �

Ž .From inequality 6.90 we then have

2 2 2� G r � P Xy�Fyr� qP Xy�G r�Ž . Ž .
2 2 � �s r � P Xy� G r� ,Ž .

which implies that

1
� �P Xy� G r� F . �Ž . 2r
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EXERCISES

In Mathematics

Ž . w x6.1. Let f x be a bounded function defined on the interval a, b . Let P be
w x Ž . w xa partition of a, b . Show that f x is Riemann integrable on a, b if

and only if
b

inf US f s sup LS f s f x dx.Ž . Ž . Ž .HP P
P aP
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6.2. Construct a function that has a countable number of discontinuities in
w x w x0, 1 and is Riemann integrable on 0, 1 .

Ž . w x6.3. Show that if f x is continuous on a, b except for a finite number of
Ž . Ž .discontinuities of the first kind see Definition 3.4.2 , then f x is

w xRiemann integrable on a, b .

6.4. Show that the function

x cos 
r2 x , 0�xF1,Ž .
f x sŽ . ½ 0, xs0,

w xis not of bounded variation on 0, 1 .

Ž . Ž . Ž .6.5. Let f x and g x have continuous derivatives with g � x �0. Suppose
Ž . Ž . Ž . Ž .that lim f x s�, lim g x s�, and lim f � x rg � x sL,x™� x™� x™�

where L is finite.
( )a Show that for a given ��0 there exists a constant M�0 such that

for x�M,

f � x yLg� x �� g � x .Ž . Ž . Ž .

Hence, if � and � are such that M�� �� , then1 2 1 2

� �2 2f � x yLg� x dx � � g � x dx.Ž . Ž . Ž .H H
� �1 1

( ) Ž .b Deduce from a that

f � f � g �Ž . Ž . Ž .2 1 1
� �yL ��q q L .

g � g � g �Ž . Ž . Ž .2 2 2

( ) Ž .c Make use of b to show that for a sufficiently large � ,2

f �Ž .2
yL �3� ,

g �Ž .2

Ž . Ž .and hence lim f x rg x sL.x™�

wNote: This problem verifies l’Hospital’s rule for the �r� indeterminate
form by using integration properties without relying on Cauchy’s mean

Ž .xvalue theorem as in Section 4.2 see Hartig, 1991 .

Ž . w x Ž .6.6. Show that if f x is continuous on a, b , and if g x is a nonnegative
w x b Ž .Riemann integrable function on a, b such that H g x dx�0, thena
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there exists a constant c, aFcFb, such that

H b f x g x dxŽ . Ž .a
s f c .Ž .bH g x dxŽ .a

6.7. Prove Theorem 6.5.2.

6.8. Prove Theorem 6.5.3.

Ž .6.9. Suppose that f x is a positive monotone decreasing function defined
w . Ž . Ž .on a, � such that f x ™0 as x™�. Show that if f x is

Ž . w xRiemann�Stieltjes integrable with respect to g x on a, b for every
Ž . w . � Ž . Ž .bGa, where g x is bounded on a, � , then the integral H f x dg x isa

convergent.

n
 � Ž . �6.10. Show that lim H sin x rx dxs�, where n is a positive integer.n™� 0
wHint: Show first that

n
 
sin x 1 1 1
xdxs sin x q q ���q dx.H Hx x xq
 xq ny1 
Ž .0 0

6.11. Apply Maclaurin’s integral test to determine convergence or divergence
of the following series:

� log n
a ,( ) Ý 'n nns1

� nq4
b ,( ) Ý 32n q1ns1

� 1
c .( ) Ý 'nq1 y1ns1

� Ž .4� Ž . Ž 2 .6.12. Consider the sequence f x , where f x snxr 1qnx , xG0.n ns1 n
2 Ž .Find the limit of H f x dx as n™�.1 n

1 my1 Ž .ny16.13. Consider the improper integral H x 1yx dx.0
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( )a Show that the integral converges if m�0, n�0. In this case, the
Ž .function B m, n defined as

1 ny1my1B m , n s x 1yx dxŽ . Ž .H
0

is called the beta function.
( )b Show that


r2 2 my1 2 ny1B m , n s2 sin � cos � d�Ž . H
0

( )c Show that

�
my1

�
ny1x x

B m , n s dxs dxŽ . H Hmqn mqn
1qx 1qxŽ . Ž .0 0

( )d Show that

x my1 qx ny1
1

B m , n s dx.Ž . H mqn
1qxŽ .0

6.14. Determine whether each of the following integrals is convergent or
divergent:

� dx
a ,( ) H 3'0 1qx

� dx
b ,( ) H 1r330 1qxŽ .

dx1
c ,( ) H 1r330 1yxŽ .

� dx
d .( ) H 'x 1q2 xŽ .0

Ž . Ž . w x Ž .6.15. Let f x and f x be bounded on a, b , and g x be monotone1 2
w x Ž . Ž .increasing on a, b . If f x and f x are Riemann�Stieltjes integrable1 2

Ž . w x Ž . Ž .with respect to g x on a, b , then show that f x f x is also1 2
Ž . w xRiemann�Stieltjes integrable with respect to g x on a, b .
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Ž .6.16. Let f x be a function whose first n derivatives are continuous on
w xa, b , and let

ny1byxŽ .
Žny1.h x s f b y f x y byx f � x y ���y f x .Ž . Ž . Ž . Ž . Ž . Ž .n ny1 !Ž .

Show that

1 b ny1 Žn.h a s byx f x dxŽ . Ž . Ž .Hn ny1 !Ž . a

and hence

ny1byaŽ .
Žny1.f b s f a q bya f � a q ���q f aŽ . Ž . Ž . Ž . Ž .

ny1 !Ž .
1 b ny1 Žn.q byx f x dx.Ž . Ž .Hny1 !Ž . a

Ž . ŽThis represents Taylor’s expansion of f x around xsa see Section
.4.3 with a remainder R given byn

1 b ny1 Žn.R s byx f x dx.Ž . Ž .Hn ny1 !Ž . a

wNote: This form of Taylor’s theorem has the advantage of providing an
exact formula for R , which does not involve an undetermined numbern

x� as was seen in Section 4.3.n

Ž . Ž .6.17. Suppose that f x is monotone and its derivative f � x is Riemann
w x Ž . w xintegrable on a, b . Let g x be continuous on a, b . Show that there

exists a number c, aFcFb, such that

cb b
f x g x dxs f a g x dxq f b g x dx.Ž . Ž . Ž . Ž . Ž . Ž .H H H

a a c

6.18. Deduce from Exercise 6.17 that for any b�a�0,

sin x 4b
dx F .H x aa

6.19. Prove Lemma 6.7.1.
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Ž . Ž . Ž . � Ž . � p6.20. Show that if f x , f x , . . . , f x are such that f x is Riemann1 2 n i
w xintegrable on a, b for is1, 2, . . . , n, where 1Fp��, then

1rpp 1rpn n
b b p

f x dx F f x dx .Ž . Ž .Ý ÝH Hi i
a ais1 is1

6.21. Prove Theorem 6.8.1.

6.22. Prove Theorem 6.8.2.

In Statistics

Ž .6.23. Show that the integral in formula 6.66 is divergent for kG1.

6.24. Consider the random variable X that has the logistic distribution
Ž . 2described in Example 6.9.2. Show that Var X s
 r3.

� Ž .4�6.25. Let f x be a family density functions defined byn ns1

� n � y1log x
f x s , 0�x��,Ž .n y1� n� �H log t dt0

Ž .where �g 0, 1 .
( ) Ž .a Show that condition 6.72 of Theorem 6.9.1 is not satisfied by any

Ž .f x , nG1.n

( ) Ž y1 .b Show that when ns1, E X does not exist, where X is a
Ž .random variable with the density function f x .1

( ) Ž y1 .c Show that for n�1, E X exists, where X is a random variablen n
Ž .with the density function f x .n

Ž .6.26. Let X be a random variable with a continuous density function f x on
Ž . Ž . Ž y
 .0, � . Suppose that f x is bounded near zero. Then E X exits,

Ž .where 
g 0, 1 .

Ž .6.27. Let X be a random variable with a continuous density function f x on
Ž . Ž Ž . 
 .q0, � . If lim f x rx is equal to a positive constant k for somex™ 0

w yŽ1q
 .x
�0, then E X does not exist.
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6.28. The random variable Y has the t-distributions with n degrees of
freedom. Its density function is given by

nq1
Ž .y nq1 r2� 2ž / y2

f y s 1q , y��y��,Ž . n ž /n'n
 � ž /2

Ž . � yx my1where � m is the gamma function H e x dx, m�0. Find the0
� �density function of Ws Y .

6.29. Let X be a random variable with a mean � and a variance � 2.
( )a Show that Chebyshev’s inequality can be expressed as

� 2

� �P Xy� G r F ,Ž . 2r

where r is any positive constant.
( ) � 4�b Let X be a sequence of independent and identically dis-n ns1

tributed random variables. If the common mean and variance of
the X ’s are � and � 2, respectively, then show thati

� 2

� �P X y� G r F ,Ž .n 2nr

nŽ .where X s 1rn Ý X and r is any positive constant.n is1 i

( ) Ž .c Deduce from b that X converges in probability to � as n™�,n
that is, for every ��0,

� �P X y� G� ™0 as n™�.Ž .n

6.30. Let X be a random variable with a cumulative distribution function
Ž . �F x . Let � be its k th noncentral moment,k

�
� k k� sE X s x dF x .Ž . Ž .Hk

y�

Let � be the k th absolute moment of X,k

�
k k� � � �� sE X s x dF x .Ž .Ž . Hk

y�

Suppose that � exists for ks1, 2, . . . , n.k
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( ) 2 wa Show that � F� � , ks1, 2, . . . , ny1. Hint: For any uk ky1 kq1
and ®,

� 2Žky1.r2 Žkq1.r2� � � �0F u x q® x dF xŽ .H
y�

2 2 xsu � q2u®� q® � .ky1 k kq1

( ) Ž .b Deduce from a that

� F� 1r2 F� 1r3 F ��� F� 1r n .1 2 3 n


