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CHAPTER 6

Integration

The origin of integral calculus can be traced back to the ancient Greeks.
They were motivated by the need to measure the length of a curve, the area
of a surface, or the volume of a solid. Archimedes used techniques very
similar to actual integration to determine the length of a segment of a curve.
Democritus (410 B.c.) had the insight to consider that a cone was made up of
infinitely many plane cross sections parallel to the base.

The theory of integration received very little stimulus after Archimedes’s
remarkable achievements. It was not until the beginning of the seventeenth
century that the interest in Archimedes’s ideas began to develop. Johann
Kepler (1571-1630) was the first among European mathematicians to de-
velop the ideas of infinitesimals in connection with integration. The use of
the term “integral” is due to the Swiss mathematician Johann Bernoulli
(1667-1748).

In the present chapter we shall study integration of real-valued functions
of a single variable x according to the concepts put forth by the German
mathematician Georg Friedrich Riemann (1826-1866). He was the first to
establish a rigorous analytical foundation for integration, based on the older
geometric approach.

6.1. SOME BASIC DEFINITIONS

Let f(x) be a function defined and bounded on a finite interval [a,b].
Suppose that this interval is partitioned into a finite number of subintervals
by a set of points P = {x, x,,..., x,} such that a =x;, <x; <x, < -+ <x,=b.
This set is called a partition of [a, b]. Let Ax; =x,—x;_, (i=1,2,...,n), and
A, be the largest of Ax;,Ax,,...,Ax,. This value is called the norm of P.
Consider the sum

S(P.f) = ¥ (1) Ax.
i=1

where ¢, is a point in the subinterval [x,_,, x;], i=1,2,..., n.
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206 INTEGRATION

The function f(x) is said to be Riemann integrable on [a, b] if a number
A exists with the following property: For any given e€> 0 there exists a
number 6 > 0 such that

|A-S(P,f)|<e

for any partition P of [a, b] with a norm A, <8, and for any choice of the
point ¢, in [x;_;,x;], i=1,2,...,n. The number A is called the Riemann
integral of f(x) on [a, b] and is denoted by [”f(x) dx. The integration symbol
[ was first used by the German mathematician Gottfried Wilhelm Leibniz
(1646-1716) to represent a sum (it was derived from the first letter of the
Latin word summa, which means a sum).

6.2. THE EXISTENCE OF THE RIEMANN INTEGRAL

In order to investigate the existence of the Riemann integral, we shall need
the following theorem:

Theorem 6.2.1. Let f(x) be a bounded function on a finite interval,
[a, b]. For every partition P={x,, x,...,x,} of [a,b], let m; and M, be,

respectively, the infimum and supremum of f(x) on[x,_,,x;], i=1,2,...,n.
If, for a given e > 0, there exists a & > 0 such that
USp(f) —LSp(f) <e (6.1)

whenever A, <3, where A is the norm of P, and

LSp(f) = Z m;Ax;,
i=1

USp(f) = Z M;Ax,,
i=1

then f(x) is Riemann integrable on [a, b]. Conversely, if f(x) is Riemann
integrable, then inequality (6.1) holds for any partition P such that A, <.
[The sums, LSp(f) and US,(f), are called the lower sum and upper sum,
respectively, of f(x) with respect to the partition P.]

In order to prove Theorem 6.2.1 we need the following lemmas:

Lemma 6.2.1. Let P and P’ be two partitions of [a, b] such that P’ D P
(P’ is called a refinement of P and is constructed by adding partition points
between those that belong to P). Then

USp(f) <USp(f),
LSp (f)=LSp(f)-
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Proof. Let P={x,x,,...,x,}. By the nature of the partition P’, the ith
subinterval Ax; =x; xi,1 is d1V1ded into k; parts AQ, A?),. A(k) where
ki>1,i=12,...,n If m(’) and MV denote respectlvely, ‘the infimum and
supremum of f(x) on AY), then m,<m{) <M <M, for j=1,2,...,k;
i=1,2,...,n, where m; and M, are the 1nf1mum and supremum of f(x) on
[x;,_;,x l] respectlvely Tt follows that

n

n ki
LSp(f)= XmAx,< ) ) mE”A({,.’ =LSp.(f)
i=1j=1

i=1

n k; n
USp(f) = MDY Mi(j)A(){,? < Y MAx, = USp(f)- O
i=1j=1 i-1

Lemma 6.2.2. Let P and P’ be any two partitions of [a,b]. Then
LSp(f) <USp.(f).

Proof. Let P"=PUP’'. The partition P" is a refinement of both P and
P’'. Then, by Lemma 6.2.1,

LSp(f) <LSp:(f) <USp-(f) <USp(f). O

Proof of Theorem 6.2.1

Let €> 0 be given. Suppose that inequality (6.1) holds for any partition P
whose norm A is less than 8. Let S(P,f)=X!_, f(¢,) Ax,, where ¢, is a
point in [x;_,, x;], i =1,2,..., n. By the definition of LS,(f) and US,p(f) we
can write

LSp(f) <S(P.f) <USp(f)- (6.2)

Let m and M be the infimum and supremum, respectively, of f(x) on [a, b];
then

m(b—a) <LS,(f) <USp(f) <M(b—a). (6.3)

Let us consider two sets of lower and upper sums of f(x) with respect to
partitions P, P', P", ... such that PC P’ CcP” C ---. Then, by Lemma 6.2.1,
the set of upper sums is decreasing, and the set of lower sums is increasing.
Furthermore, because of (6.3), the set of upper sums is bounded from below
by m(b — a), and the set of lower sums is bounded from above by M(b — a).
Hence, the infimum of US,(f) and the supremum of LS,(f) with respect to
P do exist (see Theorem 1.5.1).
From Lemma 6.2.2 it is easy to deduce that

supLSp(f) < infUS,(f).
P j2
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Now, suppose that for the given € > 0 there exists a 6 > 0 such that

USy(f) ~LSp(f) <e (6.4)
for any partition whose norm A, is less than 8. We have that
LS, (f) < supLS,(f) < infUS,(f) < US,(f). (6.5)
P

Hence,

infUS,(f) — supLS,(f) <e.
P P

Since €> 0 is arbitrary, we conclude that if (6.1) is satisfied, then

infUS,(f)=supLS,(f). (6.6)
P P

Furthermore, from (6.2), (6.4), and (6.5) we obtain
|S(P,f) —Al<e,

where A is the common value of inf, US,(f) and sup, LS,(f). This proves
that A4 is the Riemann integral of f(x) on [a, b].

Let us now show that the converse of the theorem is true, that is, if f(x) is
Riemann integrable on [a, b], then inequality (6.1) holds.

If f(x) is Riemann integrable, then for a given e > 0 there exists a 6> 0
such that

" €
Y f(t) Ax;— Al < 3 (6.7)
i=1

and
n €
Y f(£)Ax,—A|< 3 (6.8)
i=1

for any partition P ={x,, x,,...,x,} of [a, b] with a norm A < §, and any

choices of ¢, ¢ in [x;_,,x,], i=1,2,...,n, where A= ["f(x)dx. From (6.7)

124 1

and (6.8) we then obtain

2€e
< —.
3

%[0 ()] A,

Now, M, —m; is the supremum of f(x)—f(x") for x,x’ in [x;_;,x;], i=
1,2,...,n. It follows that for a given 1 > 0 we can choose ¢, ¢, in [x;_;, x;] so
that

f(t) —f(t)>M,—m;—n, i=1,2,...,n,
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for otherwise M; —m; — n would be an upper bound for f(x) — f(x’) for all
x,x' in [x;_,, x;], which is a contradiction. In particular, if n=¢€/[3(b —a)],
then we can find ¢, ¢} in [x,_,, x;] such that

n

USp(f) —LSp(f) = Z (M; —m;) Ax,

i=1
< X [f() —f(t)] Ax;+ (b —a)
i=1
<e€.
This proves the validity of inequality (6.1). |

Corollary 6.2.1. Let f(x) be a bounded function on [a, b]. Then f(x) is
Riemann integrable on [a, b] if and only if inf, US,(f) = sup, LS,(f), where
LS,(f) and USp(f) are, respectively, the lower and upper sums of f(x) with
respect to a partition P of [a, b].

Proof. See Exercise 6.1. O
ExaMmPLE 6.2.1. Let f(x): [0,1]1 > R be the function f(x)=x?2. Then,

f(x) is Riemann integrable on [0, 1]. To show this, let P ={x,, x,..., x,} be
any partition of [0, 1], where x, =0, x, = 1. Then

LSp(f) = LxiAx,
i=1

USp(f) = ixlz Ax;.

i=1

Hence,

USp(f) —LSp(f) = i (xlz _xiz—l) Ax;
i=1

IA

Ap Z (x12 _xi2—1)7

i=1
where A » is the norm of P. But

(x7 —x7 ) =x,—x5=1.
1

n

4

Thus

USp(f) —LSp(f) <A,.
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It follows that for a given €>0 we can choose 6= € such that for any
partition P whose norm A, is less than 9,

USp(f) —LSp(f) <e.

By Theorem 6.2.1, f(x) =x? is Riemann integrable on [0, 1].

ExaMmpLE 6.2.2. Consider the function f(x): [0,1] = R such that f(x)=0
if x a rational number and f(x) =1 if x is irrational. Since every subinterval
of [0, 1] contains both rational and irrational numbers, then for any partition
P={x,, x,...,x,} of [0,1] we have

USp(f) = ZMiAxiz Z Ax;=1,
i=1 i=1

LS,(f)= ZmiAx,-= Y 0Ax;=0.
i=1 i=1

It follows that

infUS,(f) =1 and supLS,(f) =0.
P P

By Corollary 6.2.1, f(x) is not Riemann integrable on [0, 1].

6.3. SOME CLASSES OF FUNCTIONS THAT ARE
RIEMANN INTEGRABLE

There are certain classes of functions that are Riemann integrable. Identify-
ing a given function as a member of such a class can facilitate the determina-
tion of its Riemann integrability. Some of these classes of functions include:
(i) continuous functions; (ii) monotone functions; (iii) functions of bounded
variation.

Theorem 6.3.1. If f(x) is continuous on [a,b], then it is Riemann
integrable there.

Proof. Since f(x) is continuous on a closed and bounded interval, then by
Theorem 3.4.6 it must be uniformly continuous on [a, b]. Consequently, for a
given €> 0 there exists a 6> 0 that depends only on e such that for any
X, X, in [a, b] we have

|f(x1) _f(xz)l < i
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if |x; —x,| <§. Let P={xy,x;,...,x,} be a partition of P with a norm
A, <$é. Then

USp(f) —LSp(f) = i (M;—m;) Ax;,

i=1

where m; and M, are, respectively, the infimum and supremum of f(x) on
[x;,_,x;], i=1,2,...,n. By Corollary 3.4.1 there exist points &, n, in [x;_;, x;]
such that m,; =f(&), M;=f(x), i=1,2,...,n. Since |n,— &l <A, <8 for

i=1,2,...,n, then

n

USp(f) —LSp(f) = ; [f(m) —f(&)] Ax

a;-q

By Theorem 6.2.1 we conclude that f(x) is Riemann integrable on [a, b].
O

It should be noted that continuity is a sufficient condition for Riemann
integrability, but is not a necessary one. A function f(x) can have discontinu-
ities in [a, b] and still remains Riemann integrable on [a, b]. For example,
consider the function

f(x)z{l—’l, —15x<0,

O<x<l1.

This function is discontinuous at x = 0. However, it is Riemann integrable on
[—1,1]. To show this, let €>0 be given, and let P={x,, x;,...,x,} be a
partition of [—1,1] such that A » <€/2. By the nature of this function,
f(x;) = f(x;_,) = 0, and the infimum and supremum of f(x) on [x,;_,, x;] are
equal to f(x,_,) and f(x,), respectively, i = 1,2,..., n. Hence,

USp(f) —LSp(f) = Z(M m;) Ax;

s Tt

[£(x) =f(xi-)] Ax

i=1

[f(X) —f(xi-)] =4, [f(1) —f(-1)]

uM:

[f(1) —f(-1)] =

l\)lm
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The function f(x) is therefore Riemann integrable on [—1,1] by Theorem
6.2.1.
On the basis of this example it is now easy to prove the following theorem:

Theorem 6.3.2. If f(x) is monotone increasing (or monotone decreasing)
on [a, b], then it is Riemann integrable there.

Theorem 6.3.2 can be used to construct a function that has a countable
number of discontinuities in [a,b] and is also Riemann integrable (see
Exercise 6.2).

6.3.1. Functions of Bounded Variation

Let f(x) be defined on [a, b]. This function is said to be of bounded variation
on [a, b] if there exists a number M >0 such that for any partition P =
{xg, xq,...,x,} of [a, b] we have

Y IAfl <M,
i=1

where Af, =f(x,) —f(x;,_), i=1,2,...,n

Any function that is monotone increasing (or decreasing) on [a, b] is also
of bounded variation there. To show this, let f(x) be monotone increasing on
[a, b]. Then

L 1af) = X 16 ~f(5)] =1(8) (o)

||M3

Hence, if M is any number greater than or equal to f(b)—f(a), then
" IAfl <M for any partition P of [a, b].
Another example of a function of bounded variation is given in the next
theorem.

Theorem 6.3.3. If f(x) is continuous on [a, b] and its derivative f'(x)
exists and is bounded on (a, b), then f(x) is of bounded variation on [a, b].

Proof. Let P={x,,x,...,x,} be a partition of [a,b]. By applying the
mean value theorem (Theorem 4.2.2) on each [x,_,,x;], i=1,2,...,n, we
obtain

n

lAfil = Zlf(%)Axl

IR

~

<K (x;—x;_y)=K(b—a),

S

L
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where x;,_, <§&<x, i=1,2,...,n, and K>0 is such that |f'(x)] <K on
(a,b). O

It should be noted that any function of bounded variation on [a, b] is also

bounded there. This is true because if a <x <b, then P={a,x,b} is a
partition of [a, b]. Hence,

| f(x) =f(a) [ +|f(b) —f(x)[ <M.

for some positive number M. This implies that |f(x)| is bounded on [a, b]
since

| F() <3 [1£(x) —f(a) [ +]f(x) = F(b) | +]f(a) +£(b)]]
s[M+1f(a) +£(b)]].

IA

The converse of this result, however, is not necessarily true, that is, if f(x) is
bounded, then it may not be of bounded variation. For example, the function

2x
0, x=0

T
xcos(—), 0<x<l,

f(x) =

is bounded on [0, 1], but is not of bounded variation there. It can be shown
that for the partition

r-lo 1 1 11 .
_{ 7%7%7”'73757 }a

Y2% |Af] -« as n —  and hence cannot be bounded by a constant M for
all n (see Exercise 6.4).

Theorem 6.3.4. If f(x) is of bounded variation on [a,b], then it is
Riemann integrable there.

Proof. Let €>0 be given, and let P={x,, x,,...,x,} be a partition of
[a, b]. Then

n

USp(f) —=LSp(f) = X (M;—m,) Ax;, (6.9)
i=1

where m; and M, are the infimum and supremum of f(x) on [x,_,,x;],
respectively, i =1,2,...,n. By the properties of m; and M,, there exist ¢
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and ; in [x;_,, x;] such that for i=1,2,...,n,

m; <f(§) <m;+¢€',
M;— €' <f(m) <M,
where €’ is a small positive number to be determined later. It follows that
M, —m;—2¢€" <f(m,) —f(&) <M, —m,, i=1,2,...,n.
Hence,
M;—m; <2e' +f(n) —f(§)
<2 +|f(&) —f(m)], i=12,...,n.

From formula (6.9) we obtain
USp(f) —LSp(f) <2€" X Ax;+ X |f(&) —f(m)|Ax;.  (6.10)
i=1 i=1
Now, if A, is the norm of P, then

% 1(8) ~fm)lax, =, T 1C6) ~(n)

m
SAp2|f(Zi) _f(Zifl)l’ (6.11)

i=1
where {z,, z,..., z,,} is a partition Q of [a, b], which consists of the points
Xg, X15..., X%, as well as the points &,,my, &, m,,-.-, &, My, that is, O is a

refinement of P obtained by adding the ¢&’s and n’s (i =1,2,...,n). Since
f(x) is of bounded variation on [a, b], there exists a number M > 0 such that

T 1) =1z <M. (6.12)

From (6.10), (6.11), and (6.12) it follows that
USp(f) = LSp(f) <2€'(b—a) +MA,. (6.13)

Let us now select the partition P such that A, <o, where M8 <e/2. If we
also choose €’ such that 2€’(b—a)<e/2, then from (6.13) we obtain
USp(f) — LSp(f) < e. The function f(x) is therefore Riemann integrable on
[a, b] by Theorem 6.2.1. O
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6.4. PROPERTIES OF THE RIEMANN INTEGRAL
The Riemann integral has several properties that are useful at both the
theoretical and practical levels. Most of these properties are fairly simple and
striaghtforward. We shall therefore not prove every one of them in this
section.

Theorem 6.4.1. If f(x) and g(x) are Riemann integrable on [a, b] and if

¢, and c, are constants, then ¢, f(x)+c,g(x) is Riemann integrable on
[a, b], and

fa[ () +erg(x)] —Cff(X)dHsz g(x) dr.

Theorem 6.4.2. If f(x) is Riemann integrable on [a, b], and m < f(x) <M
for all x in [a, b], then

m(b —a) sf:f(x)dst(b—a).

Theorem 6.4.3. If f(x) and g(x) are Riemann integrable on [a, b], and if
f(x) <g(x) for all x in [a, b], then

fabf(x)dxsfabg(x)dx.

Theorem 6.4.4. If f(x) is Riemann integrable on [a, b] and if a <c¢ <b,
then

Lbf(X)dX=ch(X)dX+£bf(X) dx.

Theorem 6.4.5. If f(x) is Riemann integrable on [a, b], then so is [f(x)|
and

= [11(x) e

Proof. Let P={x,x,,...,x,} be a partition of [a, b]. Let m; and M, be
the infimum and supremum of f(x), respectively, on [x;_, x,]; and let m);, M!
be the same for [f(x)|. We claim that

1 ’ .
M, —m;>=M; —m, i=1,2,...,n

It is obvious that M, —m; M ! m if f(x) is either nonnegative or nonposi-
tive for all x in [x;_,, x;], i = ,n. Let us therefore suppose that f(x) is
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negative on D;” and nonnegative on D;", where D; and D; are such that
D7 UD; =D;=[x,_,,x;]for i=1,2,...,n. We than have

M, —m;=supf(x) — inff(x)
D D;~
= sup | f(x)| = inf (= | f(x)])
D D;
=sup | f(x)|+ sup|f(x)]
D D

> sup| f(x)|=M;,
D;

since supp |f(x)| = max{sup,:|f(x)|,sup,-|f(x)|}. Hence, M,—m,>M >
pD, pD, pD, i i i

M —m;, for i =1,2,...,n, which proves our claim.
USp(I1) =LSp(If1) = X (M —m) Ax, < ) (M;—m;) Ax,.
i=1 i=1
Hence,
USP(lﬂ) _LSP(|f|) =< USP(f) _LSP(f)' (6~14)

Since f(x) is Riemann integrable, the right-hand side of inequality (6.14) can
be made smaller than any given €> 0 by a proper choice of the norm A, of
P. 1t follows that [f(x)| is Riemann integrable on [a, b] by Theorem 6.2.1.
Furthermore, since Ff(x) < [f(x)| for all x in [a,b], then [?Ff(x)dx<
[21f(x)| by Theorem 6.4.3, that is,

Trj;bf(x)dxs/;b|f(x)|dx.

Thus, | [2f(x)dx] < [21f(x)]dx. O
Corollary 6.4.1. If f(x) is Riemann integrable on [a, b], then so is f*(x).

Proof. Using the same notation as in the proof of Theorem 6.4.5, we have
that m/> and M;* are, respectively, the infimum and supremum of f2(x) on
[x,_,x;]for i=1,2,..., n. Now,

M[? = mi7 = (M} —m) (M + ;)

<2M'(M] —m))
<2M'(M,—m;), i=12,...,n, (6.15)
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where M’ is the supremum of |f(x)| on [a, b]. The Riemann integrability of
f2(x) now follows from inequality (6.15) by the Riemann integrability of f(x).

O

Corollary 6.4.2. If f(x) and g(x) are Riemann integrable on [a, b], then
so is their product f(x)g(x).

Proof. This follows directly from the identity
4f(x)g(x) = [f(x) +&(0)]* = [f(x) —g()]*, (6.16)

and the fact that the squares of f(x)+g(x) and f(x)—g(x) are Riemann
integrable on [a, b] by Theorem 6.4.1 and Corollary 6.4.1. |

Theorem 6.4.6 (The Mean Value Theorem for Integrals). If f(x) is
continuous on [a, b], then there exists a point ¢ € [a, b] such that

[1Cx) de=(b=a)f(c).
Proof. By Theorem 6.4.2 we have
msﬁ/jf(x)dst,

where m and M are, respectively, the infimum and supremum of f(x) on
[a, b]. Since f(x) is continuous, then by Corollary 3.4.1 it must attain the
values m and M at some points inside [a, b]. Furthermore, by the intermedi-
ate-value theorem (Theorem 3.4.4), f(x) assumes every value between m and
M. Hence, there is a point ¢ €[a, b] such that

1
f(C)=mfdf(x)dx- O
Definition 6.4.1. Let f(x) be Riemann integrable on [a, b]. The function
F(x)=fxf(t)dt, a<x<b,

is called an indefinite integral of f(x). O

Theorem 6.4.7. If f(x) is Riemann integrable on [a,b], then F(x)=
[f(¢) dt is uniformly continuous on [a, b].
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Proof. Let x,,x, be in [a, b], x; <x,. Then,

[F ) = P | =| (1 = [0 ai

[ f(tyde|. by Theorem 6.4.4

< [7If(0)ldr, by Theorem 6.4.5
X1

<M'(x,—x,),

where M’ is the supremum of |[f(x)| on [a,b]. Thus if €> 0 is given, then
|F(x,) — F(x,)| <e provided that |x, —x,| <e€/M'. This proves uniform
continuity of F(x) on [a, b]. O

The next theorem presents a practical way for evaluating the Riemann
integral on [a, b].

Theorem 6.4.8. Suppose that f(x) is continuous on [a, b]. Let F(x)=
[Xf(¢) dt. Then we have the following:

i. dF(x)/dx=f(x), a <x<b.

ii. [2f(x)dx=G(b)— G(a), where G(x)=F(x) +c, and c is an arbitrary
constant.

Proof. We have

T [ o a [ al

I 1fx+hf(t)dt by Th 6.4.4
= um — 5 eorem 0.4.
h—0 hJy Y

= lim + 0h),
lim f(x+ 0h)
by Theorem 6.4.6, where 0 < 6 < 1. Hence,

dF(x)
dx

= lim f(x + 0h) = f(x)

by the continuity of f(x). This result indicates that an indefinite integral of
f(x) is any function whose derivative is equal to f(x). It is therefore unique
up to a constant. Thus both F(x) and F(x)+c, where ¢ is an arbitrary
constant, are considered to be indefinite integrals.
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To prove the second part of the theorem, let G(x) be defined on [a, b] as
G(x) =F(x)+c= [ f(1)di+c,

that is, G(x) is an indefinite integral of f(x). If x =a, then G(a) = ¢, since
F(a)=0. Also, if x=0>b, then G(b)=F(b) +c = [°f(¢t) dt + G(a). It follows
that

fabf(t)dt=G(b) ~ G(a). O

This result is known as the fundamental theorem of calculus. It is generally
attributed to Isaac Barrow (1630—-1677), who was the first to realize that
differentiation and integration are inverse operations. One advantage of this
theorem is that it provides a practical way to evaluate the integral of f(x) on
[a, b].

6.4.1. Change of Variables in Riemann Integration

There are situations in which the variable x in a Riemann integral is a
function of some other variable, say u. In this case, it may be of interest to
determine how the integral can be expressed and evaluated under the given
transformation. One advantage of this change of variable is the possibility of
simplifying the actual evaluation of the integral, provided that the transfor-
mation is properly chosen.

Theorem 6.4.9. Let f(x) be continuous on [a, 8], and let x =g(u) be a
function whose derivative g’(u) exists and is continuous on [c, d]. Suppose

that the range of g is contained inside [«, 8] If a,b are points in [«, 8]
such that @ =g(c) and b =g(d), then

[y de= [Fg(0)] g () du.

Proof. Let F(x)= [*f(¢)dt. By Theorem 6.4.8, F'(x) =f(x). Let G(u) be
defined as

G(u) = [Tls(0]g (1) dr.

Since f, g, and g’ are continuous, then by Theorem 6.4.8 we have

dG(u)
du

=flg(u)]g'(u). (6.17)
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However, according to the chain rule (Theorem 4.1.3),

dFlg(u)]  dF[g(u)] dg(u)
du  dg(u) du

=flg(u)]g'(u). (6.18)

From formulas (6.17) and (6.18) we conclude that

G(u) —F[g(u)] =, (6.19)

where A is a constant. If ¢ and b are points in [«, 8] such that a =g(c), b =
g(d), then when u =c, we have G(c)=0 and A= —F[g(c)]= —F(a)=0.
Furthermore, when u =d, G(d) = [*f[g(¢)lg'(¢) dt. From (6.19) we then ob-
tain

G(d) = [FLe()]g (1) di=F[g(a)] +
—F(b)

= ["1(x) ds.

For example, consider the integral [?(2¢%—1)"/?tdr. Let x=2t*—1.
Then dx = 4tdt, and by Theorem 6.4.9,

1
200 V2, L (T an
fl(zz 1) rd 4f1x dx.

2 3/2

An indefinite integral of x'/? is given by 2x3/2. Hence,

f12(2t2—1)1/2tdt=i(§)(73/2—1) = (777 =1). O

6.5. IMPROPER RIEMANN INTEGRALS

In our study of the Riemann integral we have only considered integrals of
functions that are bounded on a finite interval [a, b]. We now extend the
scope of Riemann integration to include situations where the integrand can
become unbounded at one or more points inside the range of integration,
which can also be infinite. In such situations, the Riemann integral is called
an improper integral.

There are two kinds of improper integrals. If f(x) is Riemann integrable
on [a, b] for any b >a, then [7f(x)dx is called an improper integral of the
first kind, where the range of integration is infinite. If, however, f(x)



IMPROPER RIEMANN INTEGRALS 221

becomes infinite at a finite number of points inside the range of integration,
then the integral [?f(x)dx is said to be improper of the second kind.

Definition 6.5.1. Let F(z)= [7f(x)dx. Suppose that F(z) exists for any
value of z greater than a. If F(z) has a finite limit L as z — o, then the
improper integral [“f(x)dx is said to converge to L. In this case, L
represents the Riemann integral of f(x) on [a, ) and we write

L=/:f(x)dx.

On the other hand, if L = +oo, then the improper integral [”f(x)dx is said
to diverge. By the same token, we can define the integral [ f(x)dx as the
limit, if it exists, of (2, f(x)dx as z = . Also, [*, f(x)dx is defined as

f_x f(x) dx = lim [_ f(x) dx + lim fzf(x) dx,

where a is any finite number, provided that both limits exist.

The convergence of [’f(x)dx can be determined by using the Cauchy
criterion in a manner similar to the one used in the study of convergence of
sequences (see Section 5.1.1).

Theorem 6.5.1. The improper integral [“f(x)dx converges if and only if
for a given €> 0 there exists a z, such that

<e, (6.20)

/ Pf(x) dx

whenever z,; and z, exceed z,.

Proof. If F(z)= [7f(x)dx has a limit L as z — o, then for a given € >0
there exists z, such that for z > z,.

€
F(z)-L|<=.
F(z)-Ll<3
Now, if both z, and z, exceed z,, then
Z2
‘/ f(X)dX‘=|F(zz)—F(zl)|

<|F(z,) —L|+|F(z,) —L|<e.

Vice versa, if condition (6.20) is satisfied, then we need to show that F(z) has
a limit as z — o. Let us therefore define the sequence {g,};_,, where g, is
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given by

at+n
gn:f f(X)dX, n:1,2,....

a

It follows that for any € > 0,

fa+n

f(x) dx‘ <€,

8 —8&ml =

if m and n are large enough. This implies that {g,};_, is a Cauchy sequence;
hence it converges by Theorem 5.1.6. Let g=1im,_, g,. To show that
lim, . F(z) =g, let us write

|F(z) —gl=|F(z) —8,+8, 8|
<[|F(2) —g,|+ 8. gl (6.21)

Suppose € > 0 is given. There exists an integer N, such that |g, —g| <e/2 if
n > N,. Also, there exists an integer N, such that

IF(Z)—gn|=‘LZ+nf(x)dX‘<§ (6.22)

if z>a+n>N,. Thus by choosing z>a + n, where n > max(N,, N, —a),
we get from inequalities (6.21) and (6.22)

|F(z) —g|<e.
This completes the proof. O

Definition 6.5.2. If the improper integral [”|f(x)|dx is convergent, then
the integral [“f(x)dx is said to be absolutely convergent. If [7f(x)dx is
convergent but not absolutely, then it is said to be conditionally convergent.

O

It is easy to show that an improper integral is convergent if it converges
absolutely.

As with the case of series of positive terms, there are comparison tests that
can be used to test for convergence of improper integrals of the first kind of
nonnegative functions. These tests are described in the following theorems.

Theorem 6.5.2. Let f(x) be a nonnegative function that is Riemann
integrable on [a, b] for every b > a. Suppose that there exists a function g(x)
such that f(x) <g(x) for x > a. If [“g(x) dx converges, then so does ["f(x) dx
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and we have
Lﬁuqasﬂ2@qw.

Proof. See Exercise 6.7. O

Theorem 6.5.3. Let f(x) and g(x) be nonnegative functions that are
Riemann integrable on [a, b] for every b > a. If

. f(x)
xh—g-lo g(x) =k,

where k is a positive constant, then [7f(x)dx and [“g(x)dx are either both
convergent or both divergent.

Proof. See Exercise 6.8. O
EXAMPLE 6.5.1.  Consider the integral [ye *x*dx. We have that e* =1+

Y _(x"/n!). Hence, for x > 1, e* >x” /p!, where p is any positive integer. If
p is chosen such that p —2 > 2, then

| |
e *x?< P P

<—.
xP72 7 x?

However, [{(dx/x*)=[—1/x]] = 1. Therefore, by Theorem 6.5.2, the inte-
gral of e *x? on [1,%) is convergent.

EXAMPLE 6.5.2. The integral [{T(sin x)/(x + 1)*]dx is absolutely conver-
gent, since

| sin x| 1

(x+D2S(x+D2

and

[

© dx

1
A(x+nzz

_x+1

0
EXAMPLE 6.5.3. The integral [;(sin x/x)dx is conditionally convergent.
We first show that [J(sin x/x) dx is convergent. We have that

foosinxdx_flsinxdx+fwsinxdx (6.23)
0 X 0 X 10X ’ ’
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By Exercise 6.3, (sin x) /x is Riemann integrable on [0, 1], since it is continu-
ous there except at x =0, which is a discontinuity of the first kind (see
Definition 3.4.2). As for the second integral in (6.23), we have for z, >z, > 1,

z,8In X cos x 1% z, COS X
R
5, X x 1z 7/ o x

COSz;  COSZz, fzz coS X

z; z, 2, X
Thus
Z; sin x 1 zzdx 2
[ .
7 X 21z U X 2

Since 2/z, can be made arbitrarily small by choosing z, large enough, then
by Theorem 6.5.1, [7(sin x /x) dx is convergent and so is [;(sin x/x) dx.

It remains to show that [;(sin x/x)dx is not absolutely convergent. This
follows from the fact that (see Exercise 6.10)

. nw
lim f
n—wx /()

Convergence of improper integrals of the first kind can be used to
determine convergence of series of positive terms (see Section 5.2.1). This is
based on the next theorem.

sin x

X

Theorem 6.5.4 (Maclaurin’s Integral Test). Let X7_,a, be a series of
positive terms such that a,,, <a, for n > 1. Let f(x) be a positive nonin-
creasing function defined on [1,%) such that f(n)=a,, n=1,2,..., and
f(x) >0 as x — . Then, ¥,_,a, converges if and only if the improper
integral [;°f(x)dx converges.

Proof. If n>1and n<x<n+1, then
a, =f(n) Zf(X) Zf(l’l + 1) =dpyq-
By Theorem 6.4.2 we have for n > 1
n+1
a,2 [ f(x)dx=a,.,. (6.24)

If s, = X}_,a, is the nth partial sum of the series, then from inequality (6.24)
we obtain

snz/l'”]f(x)dxzs,,+1 —a,. (6.25)
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If the series X,_,a, converges to the sum s, then s=>s, for all n. Conse-
quently, the sequence whose nth term is F(n + 1) = [[**1f(x) dx is monotone
increasing and is bounded by s; hence it must have a limit. Therefore, the
integral [7f(x)dx converges.

Now, let us suppose that [;f(x)dx is convergent and is equal to L. Then
from inequality (6.25) we obtain

sn+1$a1+fln+lf(x)dx$al+L, nx>1, (6.260)

since f(x) is positive. Inequality (6.26) indicates that the monotone increasing
sequence {sn}:=1 is bounded hence it has a limit, which is the sum of the
series. O

Theorem 6.5.4 provides a test of convergence for a series of positive terms.
Of course, the usefulness of this test depends on how easy it is to integrate
the function f(x).

As an example of using the integral test, consider the harmonic series
Yr_(/n). If f(x) is defined as f(x)=1/x, x> 1, then F(x)= ({f(¢)dt=
log x. Since F(x) goes to infinity as x — o, the harmonic series must
therefore be divergent, as was shown in Chapter 5. On the other hand, the
series Yo_,(1/n?) is convergent, since F(x)= [{(dt/t*)=1—1/x, which
converges to 1 as x — .

6.5.1. Improper Riemann Integrals of the Second Kind

Let us now consider integrals of the form [’f(x)dx where [a, b] is a finite
interval and the integrand becomes infinite at a finite number of points
inside [a, b]. Such integrals are called improper integrals of the second kind.
Suppose, for example, that f(x) > as x > a*. Then [’f(x)dx is said to
converge if the limit

b
lim x)dx
tlim [ f(x)
exists and is finite. Similarly, if f(x) > as x—b", then [’f(x)dx is
convergent if the limit

lim fb_ef(x) dx

e—>0"

exists. Furthermore, if f(x) — % as x — ¢, where a <c¢ <b, then [’f(x)dx is
the sum of [°f(x)dx and [’f(x)dx provided that both integrals converge. By
definition, if f(x) -« as x - x,, where x, €[a, b], then x, is said to be a
singularity of f(x).
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The following theorems can help in determining convergence of integrals
of the second kind. They are similar to Theorems 6.5.1, 6.5.2, and 6.5.3. Their
proofs will therefore be omitted.

Theorem 6.5.5. If f(x) > as x >a”, then [’f(x)dx converges if and
only if for a given € > 0 there exists a z, such that

<€,

/ Pf(x) dx

where z; and z, are any two numbers such that a <z, <z, <z, <b.

Theorem 6.5.6. Let f(x) be a nonnegative function such that [”f(x)dx
exists for every ¢ in (a, b]. If there exists a function g(x) such that f(x) <g(x)
for all x in (a,b], and if [’g(x)dx converges as ¢ —a™, then so does
[2f(x) dx and we have

/:’ﬂx)dxsfa”g(x) dx.

Theorem 6.5.7. Let f(x) and g(x) be nonnegative functions that are
Riemann integrable on [c, b] for every ¢ such that a <c¢ <b. If

. f(x)
xlir;l+ g(x) =k

>

where k is a positive constant, then [°f(x)dx and [’g(x)dx are either both
convergent or both divergent.

Definition 6.5.3. Let [’f(x)dx be an improper integral of the second
kind. If [?[f(x)|dx converges, then [Pf(x)dx is said to converge absolutely.
If, however, /ff(x) dx is convergent, but not absolutely, then it is said to be
conditionally convergent. O

Theorem 6.5.8. If [°|f(x)|dx converges, then so does [’f(x) dx.
EXAMPLE 6.5.4. Consider the integral [le *x"~'dx, where n>0. If

0 <n < 1, then the integral is improper of the second kind, since x"~!
x— 0". Thus, x =0 is a singularity of the integrand. Since

—> 00 as

efxxnfl

Iim — =1,
xo0*+  x" 1

then the behavior of [je *x"~! dx with regard to convergence or divergence
is the same as that of [jx" ! dx. But [jx" 'dx=(/n)[x"],=1/n is con-
vergent, and so is [je *x" ! dx.
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EXAMPLE 6.5.5. [4(sin x/x?) dx. The integrand has a singularity at x = 0.
Let g(x)=1/x. Then, (sin x)/[x’g(x)]—>1 as x—0". But [j(dx/x)=
[log x1} is divergent, since log x > — as x — 0". Therefore, [/ (sin x/x?) dx
is divergent.

EXAMPLE 6.5.6. Consider the integral [Z(x?—3x+ 1)/[x(x—1)*]dx.
Here, the integrand has two singularities, namely x =0 and x =1, inside
[0,2]. We can therefore write

2x?—=3x+1 ) 1/2x2—3x+1
0 x(x—1) =0" 7 x(x—1)
) u x*=3x+1
+ lim —_—
u=1""172 x(x—1)
) sx?=3x+1
+ lim f ——dx
vty x(x—1)

We note that

x2=3x+1 1 1

x(x—1)° Cx (x—l)z'

Hence,

2x2—=3x+1 1 12
[ ————dx= lim |logx+—
0

x(x—l)2 -0+ x—1],

1 u
+ lim [logx+ }
u—>1- x—1 1,2

1 2
+ lim [logx+ } .
17 x—1

None of the above limits exists as a finite number. This integral is therefore
divergent.
6.6. CONVERGENCE OF A SEQUENCE OF RIEMANN INTEGRALS

In the present section we confine our attention to the limiting behavior of
integrals of a sequence of functions {f,(x)};_;.
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Theorem 6.6.1. Suppose that f,(x) is Riemann integrable on [a, b] for

n>1.If f,(x) converges uniformly to f(x) on [a,b] as n — o, then f(x) is
Riemann integrable on [a, b] and

tim [°f,(x) de= [*f(x) d

Proof. Let us first show that f(x) is Riemann integrable on [a, b]. Let
€> 0 be given. Since f,(x) converges uniformly to f(x), then there exists an
integer n, that depends only on e such that

1609 =10 < 35 =05 (6.27)

a)

if n>n, for all x €[a,b]. Let n, > n,. Since f,(x) is Riemann integrable on
[a, b], then by Theorem 6.2.1 there exists a 6 > 0 such that

US,(f,) — LS,(f,) < g (6.28)

for any partition P of [a, b] with a norm A, < §. Now, from inequality (6.27)
we have

F(x) <f, () + =

3(b—a)’
1) =19 = 35—y
We conclude that
USH(f) < USi(f,) + 5 (6.29)

LSp(f) = LSp(f,) ~ = (6.30)

5 .
From inequalities (6.28), (6.29), and (6.30) it follows that if A, <8, then
2€
USp(f) = LSp(F) <USp(£,) ~LSp(f,) + 5 <€ (631)

Inequality (6.31) shows that f(x) is Riemann integrable on [a, b], again by
Theorem 6.2.1.



SOME FUNDAMENTAL INEQUALITIES 229

Let us now show that

lim /abfn(x) dx = fabf(x) d. (6.32)

From inequality (6.27) we have for n > n,,

fabfn(x)dx—Lbf(x)dx‘sLblfn(x) —f(x)]|dx
<_7

3

and the result follows, since € is an arbitrary positive number. O

6.7. SOME FUNDAMENTAL INEQUALITIES

In this section we consider certain well-known inequalities for the Riemann
integral.

6.7.1. The Cauchy—Schwarz Inequality

Theorem 6.7.1. Suppose that f(x) and g(x) are such that f*(x) and
g%(x) are Riemann integrable on [a, b]. Then

[/abf(x)g(x) d’“r < [fabfz(x) dX}[ngz(x) dx}. (6.33)

The limits of integration may be finite or infinite.

Proof. Let ¢, and ¢, be constants, not both zero. Without loss of general-
ity, let us assume that ¢, # 0. Then

fab[clf(x) + czg(x)]2 dx> 0.

Thus the quadratic form

c%/:’fZ(x) dx + ZClczfabf(X)g(X) dx+c§/jg2(x> dx
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is nonnegative for all ¢, and c,. It follows that its discriminant, namely,

| [1e) dx]z—cﬁ[fjﬁ(x)dx][/jg%x) |

must be nonpositive, that is,

[0 dx] <|[rewa| [«

It is easy to see that if f(x) and g(x) are linearly related [that is, there exist
constants 7, and ,, not both zero, such that 7, f(x)+ 7,g(x) = 0], then
inequality (6.33) becomes an equality. O

6.7.2. Holder’s Inequality

This is a generalization of the Cauchy—Schwarz inequality due to Otto
Holder (1859-1937). To prove Holder’s inequality we need the following
lemmas:

Lemma 6.7.1. Let a,,a,,...,a,; A, A,,..., A, be nonnegative numbers
such that X7, A; = 1. Then

n

ad< Y \a,. (6.34)
1 i=1

The right-hand side of inequality (6.34) is a weighted arithmetic mean of
the a,’s, and the left-hand side is a weighted geometric mean.

Proof. This lemma is an extension of a result given in Section 3.7 concern-
ing the properties of convex functions (see Exercise 6.19). O

Lemma 6.7.2. Suppose that f,(x), f,(x),..., f,(x) are nonnegative and

Riemann integrable on [a, b]. If A, A,,..., A, are nonnegative numbers such
that X7, A, =1, then

fa”[iﬁﬁf(x)] dy < 1} [f:f,.(x) dxr. (6.35)

Proof. Without loss of generality, let us assume that [’f(x)dx>0 for
i=1,2,...,n [inequality (6.35) is obviously true if at least one f(x) is
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identically equal to zero]. By Lemma 6.7.1 we have

JETT, fri(x)] dx

L) ax]™
:fb[ fi(x) H fa(x) }[ fu(x) }dx
Jofi(x) dx || [2f(x) de Jifu(x) dx
n )\f(x) n
[ X et EA
Hence, inequality (6.35) follows. O

Theorem 6.7.2 (Holder’s Inequality). Let p and ¢ be two positive num-
bers such that 1/p +1/q=1. If |f(x)|” and |g(x)|? are Riemann integrable
on [a, b], then

1/q

< [fa”lf(x)l”dx]l/p[[a”lg(x)l"dx]

Proof. Define the functions

[0

u(x) =[f()F,  o(x)=lg(0)[".
Then, by Lemma 6.7.2,

1/q

pertsalros] a0

that is,

/ablf(x)llg(x)ldxs[/ablf(x)|”dx]]/p[fab|g(x)|qdx]w. (6.36)

The theorem follows from inequality (6.36) and the fact that

fabf(x)g(x)dx‘ﬁfab|f(x)||g(X)|dx.

We note that the Cauchy-Schwarz inequality can be deduced from Theorem
6.7.2 by taking p =g = 2. O
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6.7.3. Minkowski’s Inequality
The following inequality is due to Hermann Minkowski (1864-1909).

Theorem 6.7.3. Suppose that f(x) and g(x) are functions such that
|f(x)|” and |g(x)|” are Riemann integrable on [a, b], where 1 <p <. Then

1/p 1/p

[fab|f(x)+g(x)|pdx} S[Lb|f(x)|pdx] +Mb|g(x)|f’dxr/p_

Proof. The theorem is obviously true if p =1 by the triangle inequality.
We therefore assume that p>1. Let g be a positive number such that
1/p+1/g=1.Hence, p=p(1/p+1/q9)=1+p/q. Let us now write

|£(x) +g(x) [ =] f(x) +g(x) | f(x) +g(x) [

<[FCO I f(x) +g(x) " +]g(x) 1 £(x) +g(x) .
(6.37)

By applying Holder’s inequality to the two terms on the right-hand side of
inequality (6.37) we obtain

Lblf(X)llf(X)+g(X)lp/qu

1/q

1/p
|t el | firm rera] . @
[ 1s()11£(x) +5(x) " ds
b » 1/p b » 1/q
<|[lera| [ [l sera] " 6
From inequalities (6.37), (6.38), and (6.39) we conclude that

(170 +atol des [0 ot @

x{ /H”lf(x)lpdx]l/p+[/a”lg(x)lpdx]l/p}.
(6.40)




SOME FUNDAMENTAL INEQUALITIES 233

Since 1 —1/q =1/p, inequality (6.40) can be written as

1/p 1/p

[ st a] <[ [ireora] " [ lecor a

Minkowski’s inequality can be extended to integrals involving more than
two functions. It can be shown (see Exercise 6.20) that if [f,(x)|” is Riemann
integrable on [a, b] for i =1,2,..., n, then

pdxll/pgz [Lb|ﬁ(x)|de]l/p. O

i=1

i]f,»(X)

/

6.7.4. Jensen’s Inequality

Theorem 6.7.4. Let X be a random variable with a finite expected value,
w=E(X). If ¢(x) is a twice differentiable convex function, then

E[¢(X)] = $[E(X)].

Proof. Since ¢(x)is convex and ¢” (x) exists, then we must have ¢” (x) > 0.
By applying the mean value theorem (Theorem 4.2.2) around w we obtain

d(X)=d(p) +(X—n)d'(c),

where c¢ is between u and X. If X — u >0, then ¢ > u and hence ¢'(¢c) >
¢’'(w), since ¢"(x) is nonnegative. Thus,

O(X) = () =(X=pn)d'(c) = (X—u)d'(u). (6.41)
On the other hand, if X — <0, then ¢ < w and ¢’(¢) < ¢'( ). Hence,
O(X) () =(X=pn)d'(c) = (X—u)d'(n). (6.42)
From inequalities (6.41) and (6.42) we conclude that
E[¢(X) — ()] = ¢'(R)E(X —p) =0,
which implies that
E[$(X)] = ¢(n),

since E[¢( w)]= dp( ). O
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6.8. RIEMANN-STIELTJES INTEGRAL

In this section we consider a more general integral, namely the Riemann-—
Stieltjes integral. The concept on which this integral is based can be at-
tributed to a combination of ideas by Georg Friedrich Riemann (1826-1866)
and the Dutch mathematician Thomas Joannes Stieltjes (1856—1894).

The Riemann-Stieltjes integral involves two functions f(x) and g(x), both
defined on the interval [a, b], and is denoted by [?f(x) dg(x). In particular, if
g(x)=x we obtain the Riemann integral [’f(x)dx. Thus the Riemann
integral is a special case of the Riemann-Stieltjes integral.

The definition of the Riemann-Stieltjes integral of f(x) with respect to
g(x) on [a, b] is similar to that of the Riemann integral. If f(x) is bounded on
[a, b], if g(x) is monotone increasing on [a, b], and if P={x,, x;,...,x,}is a
partition of [a, b], then as in Section 6.2, we define the sums

LSp(f,8) = ZmiAgi’

i=1

USp(f,8) = ZMi Ag;,

i=1

where m; and M, are, respectively, the infimum and supremum of f(x) on

[x;,_1,x], Agi=g(x)—g(x,_), i=1,2,...,n. If for a given e>0 there
exists a 6> 0 such that

USP(fag)_LSP(fag)<€ (643)

whenever A, <&, where A, is the norm of P, then f(x) is said to be
Riemann—Stieltjes integrable with respect to g(x) on [a, b]. In this case,

fbf(x) dg(x) = nfUS,(f.8) = sup LSy (f.8)-

Condition (6.43) is both necessary and sufficient for the existence of the
Riemann-Stieltjes integral.

Equivalently, suppose that for a given partition P ={x,, x,...,x,} we
define the sum

S(P.1.8) = L (1) Mg, (644

where ¢; is a point in the interval [x;_;,x;], i=1,2,...,n. Then f(x) is
Riemann—Stieltjes integrable with respect to g(x) on [a, b] if for any € >0
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there exists a 6 > 0 such that

‘S(P,f,g)— [0 dg(0)| < (6.45)

for any partition P of [a, b] with a norm A , <8, and for any choice of the
point ¢, in [x;_,,x;], i=1,2,...,n.

Theorems concerning the Riemann—Stieltjes integral are very similar to
those seen earlier concerning the Riemann integral. In particular, we have
the following theorems:

Theorem 6.8.1. If f(x) is continuous on [a, b], then f(x) is
Riemann—Stieltjes integrable on [a, b].

Proof. See Exercise 6.21. O

Theorem 6.8.2. If f(x) is monotone increasing (or monotone decreasing)
on [a, b], and g(x) is continuous on [a, b], then f(x) is Riemann—Stieltjes
integrable with respect to g(x) on [a, b].

Proof. See Exercise 6.22. O

The next theorem shows that under certain conditions, the Riemann-—
Stieltjes integral reduces to the Riemann integral.

Theorem 6.8.3. Suppose that f(x) is Riemann—-Stieltjes integrable with

respect to g(x) on [a, b], where g(x) has a continuous derivative g'(x) on
[a, b]. Then

fabf(x) dg(x) =fabf(x)g’(x) dx.

Proof. Let P={x,, x,,...,x,} be a partition of [a, b]. Consider the sum
S(P,h) = Zh(tl-) Ax;, (6.46)
i=1
where h(x) =f(x)g'(x) and x,_, <t;<x,,i=1,2,...,n. Let us also consider
the sum

S(P.f.g) = ¥ (1) Ag;. (6.47)
i=1
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If we apply the mean value theorem (Theorem 4.2.2) to g(x), we obtain
Agi=g(x;) —g(x;-1) =8'(z) Ax, i=12,...,n, (6.48)

where x;,_, <z;<x;, i=1,2,...,n. From (6.46), (6.47), and (6.48) we can
then write

S(P.,8) = S(P) = T A(0)[g(2) =g’ (1)] . (649)

Since f(x) is bounded on [a, b] and g'(x) is uniformly continuous on [a, b] by
Theorem 3.4.6, then for a given e > 0 there exists a 6, > 0, which depends
only on €, such that

|g'(zi)—g’(fi)|<m,

if |z, — 1] <§&,, where M > 0 is such that [f(x)| <M on [a, b]. From (6.49) it
follows that if the partition P has a norm A, < §,, then

IS(P,f,g)—S(P,h)|<§. (6.50)

Now, since f(x) is Riemann-Stieltjes integrable with respect to g(x) on
[a, b], then by definition, for the given e > 0 there exists a §, > 0 such that

S(Pfg) - [0 de(o)| < 5. (631)

if the norm A, of P is less than 8,. We conclude from (6.50) and (6.51) that
if the norm of P is less than min(§,, §,), then

<eE€.

s(p) [0 de()

Since € is arbitrary, this inequality implies that [’f(x)dg(x) is in fact the
Riemann integral [’h(x)dx= [’f(x)g'(x) dx. |

Using Theorem 6.8.3, it is easy to see that if, for example, f(x)=1 and
g(x)=x?%, then [’f(x)dg(x)= [Pf(x)g'(x)dx= ["2xdx =b*—a’.

It should be noted that Theorems 6.8.1 and 6.8.2 provide sufficient
conditions for the existence of [’f(x)dg(x). It is possible, however, for the
Riemann-Stieltjes integral to exist even if g(x) is a discontinuous function.
For example, consider the function g(x)= yI(x —¢), where vy is a nonzero
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constant, a <c <b, and I(x — ¢) is such that

0, x<c,
I(x—c)={1 x>c.

The quantity y represents what is called a jump at x =c. If f(x) is bounded
on [a, b] and is continuous at x = ¢, then

[F(x) dg(x) = f(e). (6.52)

To show the validity of formula (6.52), let P = {x,, x,,..., x,} be any partition
of [a,b]. Then, Ag,=g(x;) —g(x,_,) will be zero as long as x;<c or
X,_; =c. Suppose, therefore, that there exists a k, 1 <k <n, such that
X;_; <c <x;. In this case, the sum S(P,f,g) in formula (6.44) takes the
form

S(P.1.8) = ¥ F(1) g, = (1),

It follows that

|S(P. f.8) = vf(c) [ = IvI]f(t) —f(c)]. (6.53)

Now, let € > 0 be given. Since f(x) is continuous at x = ¢, then there exists a
6> 0 such that

€
|f(t) —f(e)| < —7»
[yl
if |, —c| < 8. Thus if the norm A, of P is chosen so that A, < §, then

IS(P,f,g) —vf(c)|<e. (6.54)

Equality (6.52) follows from comparing inequalities (6.45) and (6.54).
It is now easy to show that if

A, a=<x<b,
g(‘xj)_{/\/7 x=b,
and if f(x) is continuous at x = b, then
') dg(x) = (X = N £(b). (6.55)

The previous examples represent special cases of a class of functions
defined on [a, b] called step functions. These functions are constant on [a, b]
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except for a finite number of jump discontinuities. We can generalize
formula (6.55) to this class of functions as can be seen in the next theorem.

Theorem 6.8.4. Let g(x) be a step function defined on [a, b] with jump

discontinuities at x =c,,¢,,...,c,, and a <c, <c, < --- <c, =b, such that
Ay, a<x<cy,
Ay, ¢ =x<¢y,
g(x) =
Ays ¢, =x<c,,
)‘n+1’ X=C,.
If f(x) is bounded on [a, b] and is continuous at x = ¢, c,,...,c,, then
b n
ff(X)dg(X) = 2 (A = 2 f(e). (6.56)
a i=1

Proof. The proof can be easily obtained by first writing the integral in
formula (6.56) as

fabf(x) dg(x) =f:1f(x) dg(x) +f:f(x) dg(x)
ot [ 1) dg(), (6.57)
If we now apply formula (6.55) to each integral in (6.57) we obtain
[ o) ds(x) = (0= M) £(ey).

[ ) dg () = (45 = A)f(e2).

f:i f(x)dg(x)=(A,,; —A,)f(c,).

By adding up all these integrals we obtain formula (6.56). O

ExaMmPLE 6.8.1. One example of a step function is the greatest-integer
function [x], which is defined as the greatest integer less than or equal to x.
If f(x) is bounded on [0, n] and is continuous at x=1,2,...,n, where n is a
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positive integer, then by Theorem 6.8.4 we can write
[ (=) dlx]= L f(0). (6.58)
i=1

It follows that every finite sum of the form X} ,a; can be expressed as a
Riemann-Stieltjes integral with respect to [x] of a function f(x) continuous
on [0,n] such that f(i)=a,, i=1,2,...,n. The Riemann-Stieltjes integral
has therefore the distinct advantage of making finite sums expressible as
integrals.

6.9. APPLICATIONS IN STATISTICS

Riemann integration plays an important role in statistical distribution theory.
Perhaps the most prevalent use of the Riemann integral is in the study of the
distributions of continuous random variables.

We recall from Section 4.5.1 that a continuous random variable X with a
cumulative distribution function F(x)=P(X <x) is absolutely continuous if
F(x) is differentiable. In this case, there exists a function f(x) called the
density function of X such that F'(x) =f(x), that is,

F(x) =f:of(t)dt. (6.59)

In general, if X is a continuous random variable, it need not be absolutely
continuous. It is true, however, that most common distributions that are
continuous are also absolutely continuous.

The probability distribution of an absolutely continuous random variable is
completely determined by its density function. For example, from (6.59) it
follows that

P(a <X <b) =F(b) —F(a) = [ f(x) dx. (6.60)

Note that the value of this probability remains unchanged if one or both of
the end points of the interval [a, b] are included. This is true because the
probability assigned to these individual points is zero when X has a continu-
ous distribution. The mean u and variance o? of X are given by

p=E(X)= [ +f(x)ds,

o? = Var(X) = f_l(x — )’ f(x) dx.
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In general, the kth central moment of X, denoted by u, (k=1,2,...), is
defined as

E[(x-w)] = [ (=)' F(x) as. (6.61)

We note that o * = u,. Similarly, the kth noncentral moment of X, denoted
by w, (k=1,2,...), is defined as

W =E(X"). (6.62)

The first noncentral moment of X is its mean wu, while its first central
moment is equal to zero.

We note that if the domain of the density function f(x) is infinite, then u,
and w; are 1mproper integrals of the first kind. Therefore, they may or may
not exist. If [*_|x|*f(x)dx exists, then so does u, (see Definition 6.5.2
concerning absolute convergence of improper integrals). The latter integral is
called the kth absolute moment and is denoted by v,. If v, exists, then the
noncentral moments of order j for j <k exist also. This follows because of
the inequality

Xl <Ixl*+1  ifj<k, (6.63)

which is true because lxl’ < |x* if |x| =1 and |x/ <1 if |x|] <1. Hence,
Ix/] < |x|* + 1 for all x. Consequently, from (6.63) we obtain the inequality

<y +1, j<k,

which implies that u; exists for j<k. Since the central moment w; in
formula (6.61) is expressible in terms of noncentral moments of order j or
smaller, the existence of »; also implies the existence of ;.

ExamPpLE 6.9.1. Consider a random variable X with the density function

1
fx)=—————, —w<x<w

Such a random variable has the so-called Cauchy distribution. Its mean u
does not exist. This follows from the fact that in order of w to exist, the two
limits in the following formula must exist:

i im [P 6.64
=— +— . .
WageC o 1 +x? ngrolcfol+x2 ( )
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But, [, xdx/(1 +x*) = —3

Hog(1 +a*) > —x as a > =, and [Pxdx/(1 +x?)
Jog(1 + b*) > as b— . The integral [*

*xdx/(1+x?%) is therefore
divergent, and hence u does not exist.
It should be noted that it would be incorrect to state that

=— 6.65
7Ta1—1>130f 1+x2’ ( )

which is equal to zero. This is because the limits in (6.64) must exist for any a
and b that tend to infinity. The limit in formula (6.65) requires that a = b
Such a limit is therefore considered as a subsequential limit

The higher-order moments of the Cauchy distribution do not exist either
It is easy to verify that

—w 1+ x? (6.66)
is divergent for k > 1.

EXAMPLE 6.9.2. Consider a random variable X that has the logistic
distribution with the density function

f(x)=m, —00<x < ®,

The mean of X is
o0 xe*

= ——dx
H —oc(1+e")2

:follog( : iu)du, (6.67)

where u=e*/(1 +e¢*). We recognize the integral in (6.67) as being an

improper integral of the second kind with singularities at =0 and u =1
We therefore write

p= lim Vzlog(

(14’0Jr a

Y Nau+ tim 7 10— 4 6.68
+ —_— . .
1—u) " bf?* 1/20g(1—u) ! ( )
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Thus,
. 172
pw= lim [ulogu+ (1—u)log(1—u)],
a—0"

+ lim [ulogu + (1—u)log(1—u)]’,

b1~
= lim [blogh+ (1—b)log(1—b)]
b—>1"
— lim [aloga + (1—a)log(1—a)]. (6.69)
a—0"

By applying 'Hospital’s rule (Theorem 4.2.6) we find that

lim (1->b)log(1—5b)= lim aloga=0.
b—>1" a—0"

We thus have

w= lim (blogh) — lim [(1—a)log(1—a)]=0.
b—1" a—0"*

2

The variance 0% of X can be shown to be equal to 72 /3 (see Exercise 6.24).

6.9.1. The Existence of the First Negative Moment
of a Continuous Distribution

Let X be a continuous random variable with a density function f(x). By
definition, the first negative moment of X is E(X!). The existence of such
a moment will be explored in this section.

The need to evaluate a first negative moment can arise in many practical
applications. Here are some examples.

EXAMPLE 6.9.3. Let % be a population with a mean u and a variance
o 2. The coefficient of variation is a measure of variation in the population
per unit mean and is equal to o/|ul|, assuming that w # 0. An estimate of
this ratio is s/|y|, where s and j are, respectively, the sample standard
deviation and sample mean of a sample randomly chosen from . If the
population is normally distributed, then y is also normally distributed and is
statistically independent of s. In this case, E(s/|y|)=E(s)E(1/|y|). The
question now is whether E(1/|y|) exists or not.

EXAMPLE 6.9.4 (Calibration or Inverse Regression). Consider the simple
linear regression model

E(y) =By + B;x. (6.70)

In most regression situations, the interest is in predicting the response y for
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a given value of x. For this purpose we use the prediction equation § = BO
,81x where BO and ,81 are the least-squares estimators of B, and S,
respectively. These are obtained from the data set {(x,y,),(x,,y,),..
(x,,,)} that results from running n experiments in which y is measured for
specified settings of x. There are other situations, however, where the
interest is in predicting the value of x, say x,, that corresponds to an
observed value of y, say y,. This is an inverse regression problem known as
the calibration problem (see Graybill, 1976, Section 8.5; Montgomery and
Peck, 1982, Section 9.7).

For example, in calibrating a new type of thermometer, n readings,
Y15 Y2,--->Y,, are taken at predetermined known temperature values,
X{,X5,..., %, (these values are known by using a standard temperature
gauge). Suppose that the relationship between the x;’s and the y,’s is well
represented by the model in (6.70). If a new reading y, is observed using the
new thermometer, then it is of interest to estimate the correct temperature
x, (that is, the temperature on the standard gauge corresponding to the
observed temperature reading y,).

In another calibration problem, the date of delivery of a pregnant woman
can be estimated by the size y of the head of her unborn child, which can be
determined by a special electronic device (sonogram). If the relationship
between y and the number of days x left until delivery is well represented by
model (6.70), then for a measured value of y, say y,, it is possible to estimate
X,, the corresponding value of x.

In general, from model (6.70) we have E(y,) = B,+ B,x,. If B, #0, we
can solve for x, and obtain

E(yo) — By
XO=B—.
1
Hence, to estimate x, we use
o ove—Bo _ vy
2, = 0P g N
B, Bi

since B, =7 — f,%, where X =(1/n)X/_ x,, 5= (1/n)LL 1¥;- If the response
y is normally distributed with a variance o2, then y and 31 are statistically
independent. Since y, is also statistically independent of 31 (y, does not
belong to the data set used to estimate B,), then the expected value of £, is
given by

Yo=Yy

E(%)) =X+E

1
=X+E(YO_)_’)E(BTl)'

Here again it is of interest to know if E(1/f,) exists.
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Now, suppose that the density function f(x) of the continuous random
variable X is defined on (0,%). Let us also assume that f(x) is continuous.
The expected value of X!

E(X ') =

f 1) 4 (6.71)

This is an improper integral with a singularity at x = 0. In particular, if
f(0) >0, then E(X ') does not exist, because

. f(x)/x
lim
-0t 1/x

= £(0) > 0.

By Theorem 6.5.7, the integrals [;(f(x)/x)dx and [;(dx/x) are of the same
kind. Since the latter is divergent, then so is the former. Note that if f(x) is
defined on (—o,) and f(0) > 0, then E(X ') does not exist either. In this
case,

= f(x) o f(x) = f(x)
/ —dx=/7w7dx+f() de

—o X

PG

w |x
Both integrals on the right-hand side are divergent.

A sufficient condition for the existence of E(X ') is given by the following
theorem [see Piegorsch and Casella (1985)]:

Theorem 6.9.1. Let f(x) be a continuous density function for a random
variable X defined on (0, ). If

<o for some a >0, (6.72)

lim I ):)

x-0" X
then E(X~!) exists.

Proof. Since the limit of f(x)/x® is finite as x — 0", there exist finite
constants M and &> 0 such that f(x)/x“ <M if 0 <x < 8. Hence,

Méa

a

/‘Sf( )dx Mf _
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Thus,

E(x 1) = Ooof(;) sf(;) oof(;) i

[e3

1
+ = < oo, O
«a 1)

1 .o Mé
+5f6f(x)dxs

It should be noted that the condition of Theorem 6.9.1 is not a necessary
one. Piegorsch and Casella (1985) give an example of a family of density
functions that all violate condition (6.72), with some members having a finite
first negative moment and others not having one (see Exercise 6.25).

Corollary 6.9.1. Let f(x) be a continuous density function for a random
variable X defined on (0,%) such that f(0)=0. If f'(0) exists and is finite,
then E(X ') exists.

Proof. We have that

F@ = tim OOy, [

x—=0* x—=>0*" X
By applying Theorem 6.9.1 with a = 1 we conclude that E(X ') exists. O

EXAMPLE 6.9.5. Let X be a normal random variable with a mean w and
a variance o 2. Its density function is given by

1 1 ,
f(x)=mexp[—202<x—u)], —oe<x <o,

In this example, f(0)>0. Hence, E(X ') does not exist. Consequently,
E(/|yl) in Example 6.9.3 does not exist if the population % is normally
distributed, since the density function of [y| is posmve at zero. Also, in
Example 6.9.4, E(1/ Bl) does not exist, because 51 is normally distributed if
the response y satisfies the assumption of normality.

EXAMPLE 6.9.6. Let X be a continuous random variable with the density
function

n/2-1 efx/Z, 0<x<oo,

1
DR
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where n is a positive integer and T'(n/2) is the value of the gamma function,
[oe ™ x"/*71 dx. This is the density function of a chi-squared random variable
with n degrees of freedom.

Let us consider the limit

X 1
lim /() = > lim x"/277l e7/2
-0+ x*  T(n/2)2"* x50+

for @ > 0. This limit exists and is equal to zero if n/2 — a — 1> 0, that is, if
n>2(1+ a)>2. Thus by Theorem 6.9.1, E(X ') exists if the number of
degrees of freedom exceeds 2.

More recently, Khuri and Casella (2002) presented several extensions and
generalizations of the results in Piegorsch and Casella (1985), including a
necessary and sufficient condition for the existence of E(X™').

6.9.2. Transformation of Continuous Random Variables

Let Y be a continuous random variable with a density function f(y). Let
W = (YY), where (y) is a function whose derivative exists and is continuous
on a set A. Suppose that ¢'(y) #0 for all y €A, that is, ¢(y) is strictly
monotone. We recall from Section 4.5.1 that the density function g(w) of W
is given by

dy Y (w
g(w) =f[¢//1(w)]‘¢T()‘, w E B, (6.73)

where B is the image of A under ¢ and y = ¢ '(w) is the inverse function
of w=(y). This result can be easily obtained by applying the change of
variables technique in Section 6.4.1. This is done as follows: We have that for
any w; and w, such that w, <w,,

P(w, <W<w,) = [ g(w)dw. (6.74)

w1
If '(y)> 0, then (y) is strictly monotone increasing. Hence,
P(w <W<w,)=P(y, <Y<y,), (6.75)

where y, and y, are such that w, = ¢(y,),w, = #(y,). But
Y2
P(y <Y <y)=[ f(y)dy. (6.76)
Y1

Let us now apply the change of variables y = 4~ '(w) to the integral in (6.76).
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By Theorem 6.4.9 we have

[yl on] S W, (6.7
From (6.75) and (6.76) we obtain
P(wlsW3w2)=f flo(w )] ( ") . (6.78)

Wi
On the other hand, if '(y) <0, then P(w, <W<w,)=P(y,<Y<y)).

Consequently,

P(w, <W<w,) = [ () dy
Y2

fly-'m]———

2

w1 ‘1[’ (W)
J

ol P2 w6y

1

By combining (6.78) and (6.79) we obtain
wy d!,[/_l w
P(wlsWsw2)=f f[wl(w)]‘d—w()‘dw (6.80)

Formula (6.73) now follows from comparing (6.74) and (6.80).

The Case Where w = s(y) Has No Unique Inverse

Formula (6.73) requires that w = ¢s(y) has a unique inverse, the existence of
which is guaranteed by the nonvanishing of the derivative ¢ '(y). Let us now
consider the following extension: The function (y) is continuously differen-
tiable, but its derivative can vanish at a finite number of points inside its
domain. We assume that the domain of ¢(y) can be partitioned into a finite
number, say n, of disjoint subdomains, denoted by I, I,,..., I,, on each of
which (y) is strictly monotone (decreasing or increasing). Hence, on each [,
(i=1,2,...,n), ¢(y) has a unique inverse. Let ¢, denote the restriction of
the function & to I,, that is, (y) has a unique inverse, y = '(w),
i=1,2,...,n. Since I, 1I,,...,1I, are disjoint, for any w, and w, such that
w, <w, we have

P(w, <W<w,) = Xn:P[Ye g (wywy)], (6.81)
i=1
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where ¢; '(w,,w,) is the inverse image of [w,,w,], which is a subset of I,
i=1,2,...,n. Now, on the ith subdomain we have

P[Ye g (wmy)] =f¢ f(y) dy

Ywy,wy)

f v (w )‘ # (v )‘ i=1,2,...,n,

(6.82)

where T, is the image of #; '(w,,w,) under ;. Formula (6.82) follows from
applying formula (6.80) to the function ,(y), i=1,2,...,n. Note that T, =
Gl w,w)l=[w, w1 N (L), i=1,2,...,n (why?). Thus T, is a subset

1

of both [w;,w,] and ¢.(I,). We can therefore write the integral in (6.82) as

[ 706 00l [ 2 = [ 00y ]| L2, (689

where §;(w)=1if we (1) and §(w) =0 otherwise, i =1,2,...,n. Using
(6.82) and (6.83) in formula (6.81), we obtain

wa d ;1 w
i wen & roorta o222

i=1 1

w, I d i_l w
[ a0l (w )]‘“”T()‘dw,

1i=1

from which we deduce that the density function of W is given by

s = £ a0l onl| 5| (684)

EXAMPLE 6.9.7. Let Y have the standard normal distribution with the
density function
2

1 y
O R B

Define the random variable W as W= Y?2. In this case, the function w = y?
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has two inverse functions on (— o, ), namely,

[ =vw, y<o,
g w, y>0.

Thus I, =(—=,0], I,=(0,%), and (1) =][0,), y,(I,) =(0,). Hence,
8,(w) =1, 8,(w)=1if w e (0,2). By applying formula (6.84) we then get

1 -1 1 1
w) = e —=|+ =—e "?|—
s(w) =15 2w | Vo 2w
1 efw/2
= — w > 0.
V2m  Ww

This represents the density function of a chi-squared random variable with
one degree of freedom.

6.9.3. The Riemann-Stieltjes Integral Representation of the Expected Value
Let X be a random variable with a cumulative distribution function F(x).

Suppose that A(x) is Riemann—Stieltjes integrable with respect to F(x) on
(—o0,0). Then the expected value of A(X) is defined as

E[h(X)] =f:oh(x) dF (). (6.85)

Formula (6.85) provides a unified representation of expected values for both
discrete and continuous random variables.

If X is a continuous random variable with a density function f(x), that is,
F'(x) =f(x), then

E[h(X)] = [ h(x)f(x) dv.

If, however, X has a discrete distribution with a probability mass function
p(x) and takes the values ¢, c,,...,c,, then

HMXH=§qumy (6.36)

Formula (6.86) follows from applying Theorem 6.8.4. Here, F(x) is a step
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function with jump discontinuities at ¢, ¢,,...,c, such that
0, —oo<x<¢
p(cy), c; <x<cy,

p(cy) +p(cy), ¢y <x<cs,

F(x)=

n—1

Zp(ci)7 Crn-1 SX<CH,

[
.

-

p(c;))=1, ¢, <x<oe.

1

l

Thus, by formula (6.56) we obtain
[ h(x)dF(x)= ¥ p(e)h(c,). (6.87)
- i=1

For example, suppose that X has the discrete uniform distribution with
p(x)=1/n for x=c¢,,c,,...,c,. Its cumulative distribution function F(c)
can be expressed as

1 n
F(x)=P[X<x]= - '_le(x—c,-),

where I(x —c¢;) is equal to zero if x <c¢; and is equal to one if x>
(i=1,2,...,n). The expected value of A(X) is

S| =
™M=

E[h(X)] == ¥ h(c).

i=1

EXAMPLE 6.9.8. The moment generating function ¢(¢) of a random
variable X with a cumulative distribution function F(x) is defined as the
expected value of h,(X)=e'¥, that is,

$(1) =E(e¥) = [ e dF(x),
where ¢ is a scalar. If X is a discrete random variable with a probability mass
function p(x) and takes the values c,,c,,...,c,,..., then by letting n go to

infinity in (6.87) we obtain (see also Section 5.6.2)

6= T pe)et
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The moment generating function of a continuous random variable with a
density function f(x) is

$(1)= [ e"f(x)dx. (6.88)

The convergence of the integral in (6.88) depends on the choice of the scalar

t. For example, for the gamma distribution G(«, 8) with the density function
a1 p=x/B

f(x)ZW’

a>0, B>0, 0<x<o,

¢(t) is of the form

ooetxxCV*] efx/B

O Moyt
_rtesloxipo/el
0 I'(a)p”
If we set y =x(1 — B¢)/B, we obtain
- B By \“
0= (1—Bt)F(a)B“(1—Bt) oo
Thus,
1 Ocyafl e
d)(t) - (1_,31‘)&’/(-) F(O() dy

=(1-B1) ",

since [ e?y* ! dy =T(a) by the definition of the gamma function. We note
that ¢(¢) exists for all values of « provided that 1 — B¢ >0, that is, t < 1/p.

6.9.4. Chebyshev’s Inequality

In Section 5.6.1 there was a mention of Chebyshev’s inequality. Using the
Riemann—Stieltjes integral representation of the expected value, it is now
possible to provide a proof for this important inequality.

Theorem 6.9.2. Let X be a random variable (discrete or continuous) with
a mean u and a variance o *. Then, for any positive constant 7,

1
P(IX—pul=ro)<—.
r



252 INTEGRATION

Proof. By definition, o2 is the expected value of h(X)= (X — w)*. Thus,
ol= [ (x—p)'dF(x), (6.89)

where F(x) is the cumulative distribution function of X. Let us now partition
(—o,) into three disjoint intervals: (—o, u —rol, (u—ro, u+ro),
[ u+ ro,»). The integral in (6.89) can therefore be written as

[0 (- w) dF(x)

zf:”(x—u)zdF(x) +/°°+r (x—w)dF(x).  (6.90)

We note that in the first integral in (6.90), x < u —ro, so that x — u < —ro.
Hence, (x — w)? >r% 2 Also, in the second integral, x — u >ro. Hence,
(x — w)* = r’o 2. Consequently,

f,km(x— w)’ dF(x) ZrZO'ZfIkmdF(x) =rio’P(X<p—ro),
| (x=w)YdF(x)zrie?[  dF(x)=r'c’P(Xzu+ro).
mtro mtro
From inequality (6.90) we then have
c?>r o} [P(X—p< —ro)+P(X—pu=ro)]
=ro’P(IX — pl =ro),

which implies that

1
P(IX—ul=2ro) <—. O
r
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EXERCISES
In Mathematics
6.1. Let f(x) be a bounded function defined on the interval [a, b]. Let P be
a partition of [a, b]. Show that f(x) is Riemann integrable on [a, b] if

and only if

infUS,(f) = supLS,(f) = [f(x) d.
P P a
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6.2.

6.3.

6.4.

6.5.

6.6.

INTEGRATION

Construct a function that has a countable number of discontinuities in
[0,1] and is Riemann integrable on [0, 1].

Show that if f(x) is continuous on [a, b] except for a finite number of
discontinuities of the first kind (see Definition 3.4.2), then f(x) is
Riemann integrable on [a, b].

Show that the function

xcos(m/2x), 0<x<l,

=3 o

is not of bounded variation on [0, 1].

Let f(x) and g(x) have continuous derivatives with g’'(x) > 0. Suppose

that lim, . f(x) =0, lim, . g(x) =, and lim, ., f'(x)/g'(x) =L,

where L is finite.

(a) Show that for a given € > 0 there exists a constant M > 0 such that
for x > M,

|f'(x) —Lg'(x)[<eg'(x).

Hence, if A, and A, are such that M < A, < A,, then

< /:\Azeg’(x) dx.

‘f:z[f’(x) - Lg'(x)] v
(b) Deduce from (a) that

)
g(Ay)

|f()‘1)| g(A)

g(Ay) *IL g()\z).

L‘<e+

(¢) Make use of (b) to show that for a sufficiently large A,,

f(A)
g(Ay)

and hence lim, _,, f(x)/g(x)=L.
[ Note: This problem verifies 'Hospital’s rule for the « /o indeterminate
form by using integration properties without relying on Cauchy’s mean
value theorem as in Section 4.2 (see Hartig, 1991)].

—-L

<3e,

Show that if f(x) is continuous on [a, b], and if g(x) is a nonnegative
Riemann integrable function on [a, b] such that [’g(x)dx >0, then
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there exists a constant ¢, @ <c < b, such that

[ f(x)g(x) dx

e )

6.7. Prove Theorem 6.5.2.
6.8. Prove Theorem 6.5.3.

6.9. Suppose that f(x) is a positive monotone decreasing function defined
on [a,») such that f(x) >0 as x—c. Show that if f(x) is
Riemann—Stieltjes integrable with respect to g(x) on [a, b] for every
b > a, where g(x) is bounded on [a, ), then the integral [f(x) dg(x) is
convergent.

6.10. Show that lim, . [;"|(sin x)/x|dx = o, where n is a positive integer.
[ Hint: Show first that

fn 1 1 1

0

_+ +...+—
X x+a x+(n—-1)mw

w| sin x

dx.]

7T-
dx=/ sin x
0

X

6.11. Apply Maclaurin’s integral test to determine convergence or divergence
of the following series:

(a) f e
> n+4
(b) PRI
* 1
(c) LS

6.12. Consider the sequence {f(x)f:_,, where f,(x)=nx/(1+nx?), x> 0.
Find the limit of [2f,(x)dx as n — .

6.13. Consider the improper integral [jx™ '(1 —x)"~! dx.
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(a) Show that the integral converges if m >0, n > 0. In this case, the
function B(m, n) defined as

B(m, n) =f01x'”’1(1—x)"_1 dx

is called the beta function.
(b) Show that

w/2
B(m,n) =2 sin*"1 6.cos" " 6.d6
0

(¢) Show that

- xmfl - xnfl

Blm.m) = [y e = [ oy

(d) Show that

1xm71 +xn71
— dx
(1 +x)m+n

B(m,n)=f0

6.14. Determine whether each of the following integrals is convergent or
divergent:

w dx

(a) [
dx

=]

® h G
1 dx

© o
w dx

(@) /0 Vx (1+2x)

6.15. Let f(x) and f,(x) be bounded on [a,b], and g(x) be monotone
increasing on [a, b]. If f,(x) and f,(x) are Riemann—Stieltjes integrable
with respect to g(x) on [a,b], then show that f,(x)f,(x) is also
Riemann-Stieltjes integrable with respect to g(x) on [a, b].
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6.16. Let f(x) be a function whose first n derivatives are continuous on
[a, b], and let

(b-0""
h,(x)=f(b) —f(x) = (b—x)f'(x) - —Wf(" D(x).
Show that
1
h,,(a) = W'/:(b —x)nilf(")(x) dx
and hence
— , (b_a)nil (n-1)
f(b) —f(a)+(b—fl)f(a)+"'+wf (a)

1),/ (b—x)""" f(x) d.

This represents Taylor’s expansion of f(x) around x =a (see Section
4.3) with a remainder R, given by

R, = 1)'f (b—x)""" ™ (x) dx.

[ Note: This form of Taylor’s theorem has the advantage of providing an
exact formula for R,, which does not involve an undetermined number
6, as was seen in Section 4.3.]

6.17. Suppose that f(x) is monotone and its derivative f'(x) is Riemann
integrable on [a, b]. Let g(x) be continuous on [a, b]. Show that there
exists a number ¢, a <c <b, such that

b c b
[ F(x)g(x)de=f(a) [ g(x) de+(b) [g(x) dx.
6.18. Deduce from Exercise 6.17 that for any b >a > 0,

pSin x
/ dx
X

a

4
<-—.
a

6.19. Prove Lemma 6.7.1.
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6.20. Show that if f(x), f,(x),..., f,(x) are such that [f,(x)|” is Riemann
integrable on [a, b] for i =1,2,...,n, where 1 <p < «, then

dxl/ x|/ blﬁ(x)lde]l/p-

1]

L

¥ £(0)

6.21. Prove Theorem 6.8.1.

6.22. Prove Theorem 6.8.2.

In Statistics

6.23. Show that the integral in formula (6.66) is divergent for k > 1.

6.24. Consider the random variable X that has the logistic distribution
described in Example 6.9.2. Show that Var(X) = 72/3.

6.25. Let {f,(x)};_, be a family density functions defined by

[log”" x| -

—— ., 0<x<A,
[ log" ¢~ dt

fu(x) =

where A €(0,1).

(a) Show that condition (6.72) of Theorem 6.9.1 is not satisfied by any
fu(x), n>1.

(b) Show that when n=1, E(X™!) does not exist, where X is a
random variable with the density function f,(x).

(c) Show that for n > 1, E(X, ') exists, where X, is a random variable
with the density function f,(x).

6.26. Let X be a random variable with a continuous density function f(x) on
(0,). Suppose that f(x) is bounded near zero. Then E(X™ ) exits,
where a € (0, 1).

6.27. Let X be a random variable with a continuous density function f(x) on
(0,0). If lim, _, ,+(f(x)/x*) is equal to a positive constant k for some
a >0, then E[X 9] does not exist.
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6.28. The random variable Y has the ¢-distributions with n degrees of
freedom. Its density function is given by

2\ —(n+1)/2

1+—
n

n+1)

2
f(y)=mT(%)

where I'(m) is the gamma function [je *x™ ' dx, m >0. Find the
density function of W= |Y].

y —oo<y<oo’

6.29. Let X be a random variable with a mean u and a variance o °.

(a) Show that Chebyshev’s inequality can be expressed as

0_2

P(IX—pul>r)< oo

where r is any positive constant.

(b) Let {X,};_, be a sequence of independent and identically dis-
tributed random variables. If the common mean and variance of
the X,’s are u and o2, respectively, then show that

P(|)_(n_l-1'| ZV)S—Q,

where X, =(1/n)X’_, X, and r is any positive constant.

(¢) Deduce from (b) that X, converges in probability to w as n — o,
that is, for every € > 0,

P(|Xn—[.L|ZE)—>O as n — o,

6.30. Let X be a random variable with a cumulative distribution function
F(x). Let w be its kth noncentral moment,

W =E(X*) = [ x*dF(x).
Let v, be the kth absolute moment of X,
k ok

v =E(IX1")= [ IxI*aF(x).

Suppose that v, exists for k=1,2,...,n.
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(a) Show that v}<v,_,v..,, k=1,2,...,n—1. [Hint: For any u
and v,

® 2
Osf [ulxl(k_l)/2 +U|x|(k+1)/2] dF(x)
=uv,_, + 2uvv, + v, . ]
(b) Deduce from (a) that

1/2 13 _ ... 1/n
v <vy/r<viP < <yl



